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ABSTRACT

Non-Newtonian fluid flow through a Venturi channel is studied using the Saint Venant equation. The
nonlinear hyperbolic equation is numerically tricky to solve, therefore in this study, we consider the finite
volume method with staggered grids which we find suitable for control applications. Both steady state and
dynamic solutions of the fluids with different rheological properties are simulated and analyzed. The purpose
of this study is to develop a numerical algorithm for estimation of flow rate of a non-Newtonian fluid in an
open channel. Because a non-Newtonian fluid flow is often associated with supercritical flow upstream, the
standard subcritical flume may not be suitable for estimating the flow rate. This study reveals that when a
sufficient contraction is introduced in a channel, the supercritical flow jumps to subcritical flow level and
then passes through the critical depth at the throat while accelerating towards the channel end. With this flow
transition, the study shows that in steady states a unique relationship can be established between the flow rate
and the free surface level at the gauging point. The dynamic solution also shows that the system responds
positively for a step change in the flow rate, reaching the steady state solution within the simulation run time.

Keywords: Venturi channel, Saint Venant equation, non-Newtonian fluid, Rheological properties,
Finite volume method.
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NOMENCLATURE

Cross sectional area [m’]

Average cross sectional area [mz]
Free surface top width [m]
Channel width [m]

Froude number

Gravitational acceleration [m/s’]
Free surface level [m]

Flow behaviour index [Pa.s"]
Length [m]

Spatial grid size

Fluid consistency index

wer Wetted perimeter [m]

Flow rate [m3/ s]

Hydraulic radius [m]

Slope

Average velocity [m/s]

Distance

Kinetic energy correction coefficient
Momentum correction coefficient
Density [kg/m’]

Inclination of the channel bottom [degree]
Yield shear stress [Pa]
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Subscripts

0 Bottom origin; initial condition
¢ Critical

i Index in space

in Inlet

out Outlet

INTRODUCTION

Fluid flow in an open channel has wide industrial
applicability. It is used in transportation of
slurries, water supply for irrigation and river flow
[1]. Due to severe operating conditions, use of
common flow meters may be considered very
expensive or unsafe to measure the flow rate of
slurries (non-Newtonian fluids). One common and
simple method is to use an open channel hydraulic
structure such as a “weir” (Notch) or a “control
flume” which introduces a restriction in the flow
direction that results in flow variations (that is
change in approach velocity and level) along the

channel [2]. Flumes are commonly used in the
industry. In homogeneous transport,
particle settling is not desired, and this requires
that the flume used for the transport and flow

slurry

measurement must be designed for supercritical
flow conditions [3, 4]. The current flume design
based on ISO 4359 standard is applied to
subcritical upstream conditions [5], and this
brings about this study. There has been some
research on the requirements for supercritical
flume design. A procedure for designing and
using a supercritical flume where it is assumed
that critical flow conditions occur at the entrance
of the channel throat is outlined in [4].

The main purpose of this study is to develop a
numerical scheme for estimating the flow rate of a
non-Newtonian fluid in an open channel. To
complete this task, one-dimensional Saint Venant
equation is solved in both steady and unsteady
states. One major drawback in the use of the
model is that the unsteady 1-D Saint Venant
equation is numerical difficult to solve [6].
Several techniques for solving the non-linear
partial  differential  equations
documented in recent research. One such scheme
is based on finite volume method with a switch to

have Dbeen

energy head conservation model to ensure
accuracy, especially in a rapid change in the
channel width [7, 3]. Most of the schemes are
based on finite different methods with or without
staggered grids, and majority is suitable for
subcritical flow conditions. Some methods used in
supercritical conditions are based on shock-
capturing approach or a classical scheme for
solving compressible Euler equations [6]. The
schemes especially those for supercritical and
transition state are significantly computational
demanding [6].

The present work focuses on the steady state
solution of 1-D Saint Venant equation for a
supercritical flow in a Venturi channel. In steady
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state conditions, determining a model which uses
only the free surface level measured at a specific
point in the flow to estimate the flow rate is the
main objective. A scheme for obtaining a solution
for unsteady state model will also be covered. For
unsteady state solution, the main idea is to
ascertain the dynamic response of the system for a
slight deviation in a steady state value. The
scheme which will be based on the finite volume
method is expected to be simple and suitable for
control purposes.

In the following sections, the governing equations
are presented, and the numerical scheme for
steady state and unsteady state analyses are
derived. The numerical solution is compared with
a known solution from literature, and the model
for flow rate estimation is then derived. Different

results from the scheme are presented and

discussed.

GOVERNING EQUATIONS

The unsteady state flow of fluid in an open
channel can be described by the one-dimensional
Saint Venant equations [6]:

94 | 9Q _
5t =0 (n

20 6(3%2) . on

5T 0 = gAsin6 —gAcosHa—gASf (2)
Eq. (1) and (2) are based on mass conservation
and momentum conservation principles
respectively; @Q is the volume flow rate, and A and
h are the flow cross sectional area and the free
surface level respectively. 8 is the angle of
inclination of the channel, and g 1is the
acceleration due to gravity. 8 is the momentum
correction coefficient with a value between 1.03
and 1.07. In a non-Newtonian fluid flow, the
internal frictional shearing stresses dominate; the
frictional slope Sy is then given by [8]:

1

€+0.15
5 = 7y (E+1)(E+2)1|-V|6 3)
PIRp (0.74+0.6566)(7y) Rp

where V = Q/A is the average flow velocity.
€= %; p, Ty, K and n are the fluid properties

denoting the density, yield shear stress, fluid
behaviour index and fluid constituency index
respectively. When the wall frictional stresses are
significant, the frictional slope is obtained by [8]:

nrVv

S5 = mer

“)

where ny is the total roughness coefficient and
R, =
" Puer

section. When the fluid is Newtonian, ny = ny;
ny is Manning roughness coefficient.

is the hydraulic radius at each cross

Steady state scheme-ODE form

At steady state, Z—f =0, Z—g =0 and then Q =

constant. Simplifying eq. (2) yields
av dh .
Vﬂa+gcosea=g(sm9—5f) 5)

Differentiating the continuity equation Q = AV
with respect to x gives

dA | Aav
V—-+——-=0 (6)
Assuming a trapezoidal channel with side slope

m, A = (mh + b)h, and

dA dh
E—Ba-}‘Ch (7)

where ¢ = %; B = 2hm + b is the top width of

the flow, and b is the bottom width at a given
section of the flow. Combining eq. (5), (6) and (7)
yields:

dh _ gAS+Pchv?
dx  gAcos@-BBV?2

8
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where § = sin @ — S¢. The denominator of eq. (8)

determines the condition and behaviour of the
flow. The critical flow occurs when:

gAcosf — fBV2 =0 9)

The depth of the flow which satisfies eq. (9) is the
critical depth. The open channel flow is generally
characterized by the Froude number which is
expressed as the ratio of flow velocity to the

”_ [3]. When
Fr < 1, the flow is subcritical and when Fr > 1,
the flow is supercritical. The flow condition is
near critical when Fr = 1. This suggests that eq.
(8) can be used to simulate both subcritical and
supercritical flow conditions, and also the
transition between the two extremes.

gravity wave celerity, i.e. Fr =

Unsteady state scheme

In this paper, we base the numerical scheme for
the unsteady state equations (1) and (2) on the
finite volume method with staggered grids. With
the staggered grid arrangement, the varying slope
of the liquid surface is captured [9]. Figure 1
shows the grid arrangement. The node of control
volume for momentum conservation is indicated
by the line P where the velocity is stored. The
boundaries of the velocity control volume
indicated by the lines w and e correspond to the
nodes of the control volumes for mass
conservation, where the depths of the liquid
surface are stored. The grid is uniform with spatial
spacing, Ax.

Scheme for volume conservation

Spatial integration of eq. (1) over the mass
conservation control volume gives

dA; _ Qit1/2=Qi-1/2

dt Ax (10)
To ensure there is no negative depth in the flow,
the depths at the boundaries are obtained
according to the first order upwind rule [7, 10]:

hi; Qit1220

hivijz = {hi+1i Qiy1/2 <0 (b
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Figure 1: Staggered grid arrangement for V and h
control volumes.

Scheme for momentum conservation

Here, the spatial integration of the free surface
depth gradient is approximated by the central
differencing method, and the flux term is

approximated by first order upwind [9]. Over the
velocity control volume, the integration of eq. (2)

gives
AQit1/2 _
ac
(@V)i+1—(QV); T hiy1—hy
—€+ — gAis1); cOS 9# +
9Air1/25i41)2 (12)

The boundary discharge, Q; of each cell can be
computed as the average value of the neighboring

nodes values. The areas at the nodes A;;q/, are

computed with the average depth measured at the
boundaries of the cell [7]:

Q; = Qi+1/z‘;Qi—1/z (13)

Aipapy = f(F2) (14)

The value of flux, (QV); can be estimated by the
following upwind conditions:
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. Qiv1/2+Qi-1/2

— Qi+1/2+Qi—1/2 Vi_l/ZI T > 0

(QV)l - f QL'+1/2+QL'_1/2
Vi+1/2i - — <0
(15)

The stability of the scheme described by eq. (10)
through eq. (15) depends on the ODE solver for
its implementation. The accuracy is only of first
order since the scheme is based on first order
upwind conditions.

Steady state scheme-discretized form

Considering a positive flow in a trapezoidal
channel, from eq. (12) the steady state solution is
derived.

QV)i+1—(QV);
—ﬁ( di+1—(QV)

T hivi—hi
v gAis1/2 cos O w1

gAi+1/25i+1/2 =0

o 1 BQ? __Be?
hivs = hi+ 55 (g(ﬁm/z*ﬁi—i/z) 9Ais1)2” *
AXSi1/2 ) (16)
where

1 1
Apyrja =75 (hipa + h)?cota +  (hiyy + hi)b
_ 1 1
Ai—1/2 = Z(hi_l + hi)ZCOtOf + E (hi—l + hl)b

(17)
for i=123,..,N+1

Boundary and initial conditions

In the numerical scheme governed by eq. (10),
(12) and (16), we consider only subcritical flow
conditions. With the use of staggered grids,

physical boundaries coincide with scalar control
volume (mass conservation) boundaries, and then
additional nodes surrounding the domain
boundaries are required to store the scalar
boundary values [9]. As shown in figure 2, the
inlet flow rate Q;, is stored at the domain
boundary located at i = 1/2, and the inlet depth
h;, is stored at i = 0. The outlet values, Q,,,; and

h,ue» are also located accordingly as given in the
figure.
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Figure 2: Position of h and Q cells at the domain
boundaries.

The values of h at the physical boundaries are
obtained by the upwind method, that is hy/, = hy
hnt1/2 = hoye- With Fr <1, both boundaries
must be specified (Q;;, and Qg Or hjy and hyye).
The numerical solution is based on the so-called
backwater curve, implying that the scheme is
solved backwards along the domain as indicated
in figure 3.

Figure 3: Boundary conditions for computing
subcritical flow.

The initial conditions are the values of h and Q at
time zero over the entire domain, i = 1,2,3, ..., N.
Initial values are often used to initialize the
iterations for a system with fully defined
boundary conditions, and it depends on specific
flows. A steady state solution, h® and Q°, can be

assumed as the initial values.

Proceedings from The 55th Conference on Simulation and Modelling (SIMS 55),
21-22 October, 2014. Aalborg, Denmark

222



VERIFYING THE NUMERICAL SCHEME

The results obtained from the numerical scheme
developed here are in good agreement with the
results documented in the literature [6]. Water
flow with a steady state flow rate, Q = 4m3 /s
through a trapezoidal channel: bottom width,
b=35m, side slope m=1.5, length, L =
1000 m, bottom slope, 6 = 0.05730 deg and
Manning’s roughness coefficient, n, = 0.015,
was simulated for three different levels at the
downstream  boundary (initial  conditions):
hy = 1.0, 0.664 and 0.4 m. Figure 4(b) shows
the result obtained for the described channel using
the steady state eq. (16). Comparing with figure
4(a), it shows that the numerical scheme presented
here yields results which are in good agreement
with those accepted in literature. Both results are
typical of flow profiles for subcritical flow
conditions in a uniform channel. It can be seen in
the figures that the flow approaches the normal
depth h, = 0.664m provided that the flow depth
at the inlet is greater than or equal to the critical
depth, h, = 0.4m.

FLOW PROFILE IN A RECTANGULAR
VENTURI CHANNEL

The Venturi flume simulated here is taken from
[11]. The flume geometry is given in figure 5. The
data used are the experimental data contained in
[12] for studying behaviour of non-Newtonian
fluids in open channel flow using a straight
rectangular channel of width 300mm. The
extracted data are those of kaolin- and bentonite-
based fluids with properties and channel bottom
slopes shown in table 1. Each pair of the
experimental data (Q and h) are only used to
establish the initial conditions for simulating the
steady state model described by eq. (6), (7) and
(8). Figure 6 shows the flow profile for fluids III
and IV shown in table 1. The scheme was
simulated in MATLAB using ode23. The upper
plots in figure 6 give the variation of the level,
and the lower plots are the profile of the Froude

number associated with the flow along the
channel. Figure 6(a) shows that hydraulic jump
occurs at the contraction, transiting the flow from
supercritical to subcritical conditions. It can also
be seen in figure 6(a) that the flow passes through
a critical depth in the throat. Figure 6(b) shows
that fluid IV with high flow rate accelerates
steadily in the channel, and as it can also be seen
the channel contraction is not large enough to

h[m]
11.75
11.50 \\. Ho>Hy
11.25 \‘\ Hy=H
11.00 % o
10.75 ) ‘hﬁ””& < Ho<Hy_
10.50 W%""‘m,bo;f \i
(@)
10.25 2
10.00 B
10 -08 -06 -04 —02 00
X [km]
(a)

water level profile perpendicular to a horizontal datum
T T

——hy=1.0m
——h,; = 0.664m

16 Segddod | Ry =04m L

--------------------------------------------------------------------

04 I I I I I I I I I
-1000 -900 -80O -700 -6O0 -500 400 -300 -200 -100 0

x [m]

(b)
Figure 4: Steady gradually varied flow level

profile in a uniform trapezoidal channel;
(a) Result presented in [6]. (b) Result obtained
with eq. (16).
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Figure 5: Flume dimension [11].

Properties Fluids
Bentonite Kaolin-based
-based
I 11 111 v
p (kg/m’) 1025 1118. | 1087. | 1098.
5 1 5
Ty (Pa) 5.410 10.55 | 4.985 6.84
1
K (Pa.s") 0.004 0.834 | 0.03 0.148
n 1.000 0.387 | 0.717 | 0.517
channel 2 4 2 3
slope
(degree)

Table 1: Properties of non-Newtonian fluids for
flow simulation [12].

cause a hydraulic jump in the flow. Figure 7
shows the flow profiles of fluids III and IV in the
channel when the throat width is reduced to b =
0.085m. The result in figure 7(b) shows that
increasing the contraction of the channel, the high
viscous fluid can transit from supercritical to
subcritical flow conditions as expected within the
channel. Figure 7(a) shows also that as the
contraction is increased the height of the hydraulic
jump at the channel contraction increases and the
position of the critical depth at the throat is
extended.

FLOW RATE MODEL

As can be seen in figure 7, when a sufficient
contraction 1s introduced in a channel, a
supercritical flow transits to subcritical flow
condition over a relatively large area of the throat.
If the flow passes through a critical depth within
the throat, a unique relationship between the
steady state flow rate and the level measured at a
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point where the flow is subcritical is established.
As given in [5], the flow rate can then be
estimated using the same model applicable to
subcritical flume.

Variation of liquid level along the flume length
0.05 : 1 : :

0.04

Eom,
=

0.02

001 i i i i
0 .
x[m]

Wariation of Froude number along the flume length
25 T T T T

x [m]
(a) Fluid IIl: Q = 3.644l/s.

Variation of liquid level along the flume length
0.04 T T T T

0.03

h [m]

0.02

0.01 i i i i
0 .

x[m]

x [m]

(b) Fluid IV: Q = 20.8211/s.
Figure 6: Steady gradually varied flow profiles
with a supercritical upstream flow in a rectangular
flume: b = 0.2m.

For a rectangular flume, the model is described as
follow:

0=(3)"cac, \F bh}S (18)
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Wariation of liquid level along the flume length

0.08

0.06
Eou
=

0.02

% [m]
Variation of Froude number along the flume length
4 T T T T

x[m]
(a) Fluid III: Q = 3.644l/s.

Variation of liquid level along the flume length
04 T T T T

x[m]
Wariation of Froude number along the flume length
6 T T T T

0 05 1 15 2 25
(b) Fluid IV: Q = 20.8211/s.

Figure 7: Steady gradually varied flow profiles
with a supercritical upstream flow in a rectangular
flume: b = 0.085m.

where C; is the coefficient of discharge
accounting for losses, and C, is the coefficient
correcting the replacement of the specific energy
at the measuring point with the measured depth,
hp,. b is the width of the throat, and « is the
average kinetic energy correction factor. C; and

C, are given by:

Cs = (1—0.006L/b)(1 — 0.003L/h,y)%/% (19)

Co= (1450 (%)2)1'5 (20)

where L is the length of the throat. Since the width
of the throat is uniform and the flow within the
throat before critical depth is subcritical, the level
can be measured in the throat.

RESULTS AND DISUSSION

The model described by eq. (18) was used to
estimate the steady state flow rate, and the
response of the system to any slight deviation
from a steady state was studied using the unsteady
state numerical scheme given by eq. (10) and
(12).

Estimation of flow rate

Figure 8 shows the simulated flow rate compared
with the real flow rate at different measured levels
in each of the fluid conditions I and II given in
table 1. The values of level used were simulated
from the steady state scheme, eq. (8) at the
position 1/4™ of the throat length from the throat
entrance. It can be seen that the simulated flow
rates in both fluids show very good agreement
with the real flow rate. The results were obtained
with some calibration of the model using a as the
only tuning parameter. The value shown against
each plot of figure 8 shows that @ depends on the
fluid and on the channel contraction. a also
corrects the simulated flow rate for deviations due
discharge

to inaccurate estimation of the

coefficient.

Dynamic behaviour

Since the expected flow condition within the
throat of the testing channel is subcritical, the
algorithm for unsteady state solution presented
here can be performed between the entrance of the
throat and the downstream where the flow is
critical. The flow rate at the inlet and the
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Figure 8: Comparing the simulated flow rate with the real flow rate in a Venturi channel.
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(c) Fluid II: Flow profiles at different time. t[sec]
(d) Fluid II: Time evolution of measured depth,
37" cell.
Figure 9: Unsteady state solution for a step change in the flow rate.
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corresponding critical depth were the two
boundary conditions. The steady state solution
based on the boundary flow rate was used as the
initial condition. The results shown in figure 9
gives the dynamic response of the flows for fluids
I and II with steady state flow rates Q =
21.1371l/s and Q =42.5391/s, and a step
change in the flow rate -1.0 and 2.0 s
respectively. The step change was applied after 10
seconds in each case. The left side plots of figure
9 show the free surface level profile at three time
instances, and the right plots show the
corresponding time evolution of the level at the
measured position for the two cases. As can be
seen in figure 9(a and c), the solution of the
unsteady state lies within the point of level
measurement. The levels before 10 seconds
correspond to the steady state values as can be
seen by comparing figures 8(a) with 9(b), and 8(b)
with 9(d). The values shown in figure 9(d) is
slightly lower, and this is due to the size of the
grid used. Using the levels in each flow at the end
of the simulation run time where the flow is
steady, the corresponding simulated flow rates are
20.08 /s and 42.80 [ /s representing accuracy of
0.28% and 3.9% respectively in using the
unsteady state scheme for flow rate estimation in
a dynamic system. As can be seen in figure 9(d),
the system reaches a new steady state
corresponding to the new flow rate in less than 5
seconds after the step change is applied with few
oscillations. However, with a sudden decrease in
the flow rate (fluid I), the system oscillates quite
long before reaching a steady state. The systems
were simulated in MATLAB using odel5s with
spatial grid sizes 30 and 50 respectively. The
major challenge in achieving the results was
locating the critical depth in the throat.

CONCLUSION

In this paper we investigated the possibility of
using a Venturi channel to estimate the flow rate
of a non-Newtonian fluid in an open channel.
Non-Newtonian fluid flow behavior was studied
using the one-dimensional Saint Venant equation.
The analysis was based on the supercritical
upstream flow condition in the channel. We found

that both channel contraction and the fluid
apparent viscosity are critical parameters that
determine the fluid flow behavior in the channel,
and when there is a sufficient contraction to cause
flow jump to subcritical levels within the throat,
the standard specific energy model can be used to
simulate a steady state flow rate. The results
showed that the simulated flow rate is in a good
agreement with the real flow rate when the model
is properly tuned. Also, the dynamic response of
the system for a slight deviation of steady state
values was studied, and the results showed that
the scheme we presented here is stable within
some degree of accuracy, and capable of
predicting the system response, reaching the
steady state solution within the simulation run
time. We will investigate the optimum channel
contraction and throat length for a supercritical
Venturi flume in our future work.
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