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Preface
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contributions to the conference organization.

Finally, I would like to acknowledge ILOG for sponsoring Nordic MPS ’04 and for organizing the

pre-conference workshop on ILOG optimization technologies.

Di Yuan
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Determining the Non-Existence

of Compatible OSPF Weights

Peter Brostrom Kaj Holmberg

pebro@mai.liu.se kahol@mai.liu.se

Department of Mathematics, Linképing university, SE-58183 LINKOPING, Sweden

Abstract

Many telecommunication networks use the OSPF protocol (Open Shortest Path
First) for deciding the routing of traffic. In such networks, each router sends traffic
on all shortest paths to the destination. The links in the network are assigned
weights to be used by the routers when calculating the shortest paths.

An interesting question is whether or not a set of desired routing patterns can
be used in an OSPF network. We investigate this problem, and find new necessary
conditions for the existence of weights making the desired patterns shortest. A
polynomial algorithm that for most cases verifies the non-existence of compatible
weights is presented. The algorithm also indicates which parts of the traffic patterns
that are in conflict. Some computational tests of the algorithm are reported.

Key words: Telecommunication networks, Internet Protocol, OSPF, routing, com-
patible weights.

1 Introduction

In telecommunication networks using IP (Internet Protocol) and the routing protocol
OSPF (Open Shortest Path First), traffic is routed on the shortest paths from each router
to each destination. The routers calculate themselves the shortest paths to all possible
destinations. The shortest path calculations are based on link weights set by the network
operator. If the shortest path is not unique, traffic leaving a router is split equally on the
leaving arcs that belong to a shortest path to the destination. This is called ECMP (the
equal-cost multipath principle), and means that all shortest paths are used.

We will here study the problem of finding weights that give certain specified traffic
patterns in a directed graph. We will also study the more important question of whether
or not there exists a set of weights giving the desired traffic patterns. Traffic patterns are
represented by the paths to be used. (If the paths are known, it is a simple matter to
calculate the actual traffic.)

Similar problems have previously been treated as optimization problems in [4], [9], 2],
and [5], and in a larger model for network design in [8]. Most of this work is done for
undirected graphs and for single shortest paths. Restricting the traffic patterns to contain
only single paths yields a simplification of the more general case we are treating. The
usage of directed graphs (i.e. allowing different weights in different directions) is also an
important generalization.



Apart from that, our main contribution is the way in which we verify and characterize
the non-existence of weights. This is done by identifying combinations of traffic patterns
that prohibit the existence of weights. This yields necessary conditions for the existence of
weights, that are stronger than the conditions previously known. In addition, we present
a polynomial method that explains why the specified patterns can not be used in an
IP/OSPF network. This could be very useful in a planning process, since it identifies the
parts of the patterns that need to be modified.

The paper is organized as follows. Section 2 is used for presenting the problem in
detail, and for presenting a linear model which is used for finding appropriate weights.
The LP-dual is formulated in section 3, and one type of unbounded solution to the LP-
dual is classified in section 4. The solution method is presented in section 5, while possible
modifications of SP-graphs are discussed in section 6. The method is exemplified in section
7, while computational results are presented in section 8. The last section concludes the
paper and identifies parts that will be studied further.

2 Problem formulation

We consider a directed graph G = (N, A) with a set of nodes N and a set of arcs A. A
number of subsets of the arcs, A, C A for [ =1,...,m, called SP-graphs (shortest path
graphs), are given. We assume that each set A, contains a spanning tree (ignoring the
direction of the arcs) and that no set A; contains a directed cycle. (These assumptions
are motivated below.)

An SP-graph contains a number of paths, and these paths are the desired shortest
paths. We wish to find weights w;; for all arcs (i,j) € A, so that the paths in A; have
minimal sum of the weights (i.e. are shortest). Thus if A; contains a path from node s
to node ¢, this path should have a minimal sum of weights. All paths from s to ¢ not
completely in A; should have larger sums of weights. If A; contains more than one path
from node s to node ¢, all these paths should have (the same) minimal sum of weights.

Let us by W (p) denote the sum of weights of all arcs in path p, i.e. W(p) = 32, ; o, wis-
If p(s,t) and ¢(s, t) are two paths from node s to node ¢, and p(s,t) C A, while ¢(s,t) € A,
we require that W (p(s,t)) < W(q(s,t)). If both p(s,t) and ¢(s, ) lie in A;, then we should
have W(p(s,t)) = W(q(s,t)).

The case when there is at most one path in A; between a pair of nodes is called the
simple path case. More work has been done on the simple path case (see e.g. [4] and [5])
than on the more general case. However, in order to enable the use of load balancing,
which is important in practice, an SP-graph must be allowed to contain several paths
between a pair of nodes.

An SP-graph is meant to be the result of a router’s shortest path calculations to all
possible destinations, so usually an SP-graph is an out-graph with a single origin, spanning
all nodes. Different SP-graphs then have different origins.

The weights w;; must be integers greater or equal to 1. In principle there is an upper
bound, namely the largest integer that can be represented by the router, for example 21,
but this upper bound is considered to be redundant. In this context, we might mention
that in [6] only weights up to 20 are considered when demonstrating the advantages of
optimizing over the weights.

Definition 1 The weights w are said to be compatible with A; if W(p(s,t)) = W (r(s,t))
for any two paths p(s,t) C Ay and r(s,t) C A;, and W(p(s,t)) < W(q(s,t)) for any two
paths p(s,t) C A, and q(s,t) € A;.




We will use the term compatible weights for a set of weights w that are compatible
with each A, for I = 1,...,m. This means that compatible weights simultaneously give
all the desired shortest paths for all SP-graphs. Our first objective is to find a set of
compatible weights.

Note that the weights do not depend on I, so the existence of compatible weights imply
some sort of similarities between the sets A;. Given the sets A, for [ = 1,...,m, there
are two possibilities, either compatible weights exist or they don’t. If compatible weights
exist, the difference between two different sets of compatible weights is often unimportant.
Thus we will mainly address the following question: Does a set of compatible weights exist?

We are not only interested in the yes/no answer to this question. If the answer is yes,
we wish to find compatible weights. More importantly, if the answer is no, we wish to
identify the parts of the SP-graphs that prohibit the existence of compatible weights. This
will open possibilities of modifying SP-graphs so that compatible weights can be found.

If the weights w are given, the routers determine the shortest paths to each destination
by solving shortest path problems. The SP-graphs have different origins/destinations, so
we need to solve one shortest path problem for each SP-graph (.

Let P'(w) denote the shortest path problem obtained for the weights w and the ori-
gins/destinations given by SP-graph [. If we let b' denote the right-hand-side of the
constraints of P!(w), then the differences between SP-graphs are restricted to 4. The
LP-dual of the shortest path problem P!(w) is given below.

maxz bﬁyz s.t. — Yi + Yy S Wij V(Z/j)

Here the objectivé function depends on [, while the feasible set does not. The dual
constraints state w;; +y; — y; > 0 V(4 j), while the complementary slackness conditions
tell us that only arcs with w;; +y; — y; = 0 can be used by the shortest paths.

Since a shortest path problem is an LP-problem, an optimal solution is a basic solution,
and thus forms a spanning tree. This means that there is a spanning tree of arcs with
wi; +y; —y; = 0. If the shortest paths are not unique, there are additional arcs with
w;j +y; —y; = 0. The arcs with w;; +y; —y; = 0 will however never form a directed cycle,
since the weights are positive.

A first necessary condition for the existence of compatible weights is that no SP-graph
contains a conflict in itself. In other words, we assume that there exists a set of weights
compatible with each SP-graph A;. Disagreement only occurs as conflicts between two or
more SP-graphs. We assume that each SP-graph has been obtained by solving a shortest
path problem (for some given weights). This motivates the assumtions that each SP-graph
spans all nodes and that no SP-graph contains a directed cycle.

Let us now construct a mathematical model for the problem of finding compatible
weights. The problem is really only a feasibility problem, but let us add the goal of
minimizing the sum of the weights. This is no important goal, but there is no point in
letting the weights become unnecessarily large.

min E Wij

(i,j)€A
s.t wij+7rf—7ré =0 V(Zj)EAl,lzl,m (11) (Pl)
wi +7m—m > 1 Vi, j) €A l=1...,m (1.2)
wy; > 1 V(i,j) €A (1.3)

Constraints 1.1 ensure that the arcs in A; are in minimal weight paths, while constraints
1.2 ensure that arcs outside of A; are not in minimal weight paths. The coefficients in the



objective function are unimportant, and could be replaced by any nonnegative coefficients.

The solution of P1 will be rational, and by multiplying w and 7 by a constant of
appropriate size, it can be made integral. It is easy to show that this retains feasibility
in P1. (For details, see [3].)

Lemma 1 If there exists a feasible solution to P1, there exists a feasible integer solution
to P1.

For a certain [ each arc appears once in constraint set 1.1 or once in constraint set 1.2,
since an arc is either in the SP-graph or not in it. Therefore any feasible solution to P1
will satisfy wq; + 7 — 75 > 0 V(i,7), Vl. Summing these constraints over any path p(s,t)

yields
W(p(S/t)) = Z Wi > Z (Wj - 7Tzl) = Wi - Wi?
(L.3)ep(st) (i.5)€p(s,t)
so we have
W(p(s,t)) > mt —xL  for any path p(s,t) and any [. (1.4)

The number of variables in P1 is |A| + m|N|, and the number of constraints is equal
to (m + 1)|A4|, so the size of P1 is quite reasonable.

Theorem 1 PI has a feasible solution if and only iof there exists a set of compatible
weights.

Proof: Consider a certain SP-graph A; and two nodes s and ¢ such that there exists a
path p(s,t) in A; from node s to node t. Now assume that P1 has a feasible solution, w
and m. The sum of weights for a path p(s,t) C A, is

Wip(s,1)) = Z Wij = Z (ﬂ—é - Wf) = Wi - ﬂ—i?

(i.9)€p(s;t) (i.5)€p(s.t)

due to constraints 1.1. Let dg be the minimal sum of weights w on any path from node
s to node t. Since p(s,t) is one possible path from s to ¢, we have W(p(s,t)) > dg, so
dg < 7T£ - 7Ti,.

There must exist a path ¢(s, ) from node s to node ¢ with minimal sum of weights.
For such a path we get dy, = W(q(s,t)) > 7} — «l due to 1.4, i.e. dgy > 7l — 7t.

Combining these results yields dy; = 7! — 7!. Above we noted that if p(s,t) C A; then
W(p(s,t)) = wl — 7!, so then W(p(s,t)) = dy, which means that p(s,t) is a minimal
weight path. We have thus proved that any path in A4; is a minimal weight path.

Now consider another path r(s,t)  A; between the same two nodes. Constraints 1.1
and 1.2 yields the following.

W(r(s,t)) = Z Wi = Z wij + Z Wij > Z (Wé —m) +

(i) €r(s,t) (ij)Er(s,t)NA, (ig)Er(st)\A, (i.j)Er(s,NA;
Yo w A= Y @ —a) s\ Al = —xl+ (s \ Al =
(i,j)ET(S.,t)\Al (i,j)ET(S,t)

dst + ‘T(S-/t) \ Al‘ > dst-

This shows that any path with |r(s,t)\ A;| > 0 (i.e. at least one arc outside of A4;) has
W (r(s,t)) > dg, i.e. is not a minimal weight path. So for any [, we have shown that the
paths in A; are minimal weight paths, and paths not completely in A; are not minimal
weight paths. This verifies that the weights w are compatible with all SP-graphs, so there
exists a compatible set of weights if P1 has a feasible solution.
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Let us now assume that there exists a set of compatible weights, w > 1. Then we can
solve the shortest path problems P!(w) for each I, and get the dual solutions y'. Since
the weights are compatible, all arcs in the SP-graphs will be included in minimal weight
paths, while arcs outside of the SP-graphs will not.

This means that w;; +y! — yé = 0 for each arc in A;, while w;; +y! — yé > (0 for each arc
outside of A;. If w;; +y! — y; < 1 for some (7, j) € A, then w and 7 can be multiplied with
a positive constant of appropriate size, in order to make the solution satisfy constraints
1.2. (See also lemma 1.) This verifies that there exists a feasible solution to P1 if there
exists a compatible set of weights. O

Comments: It may be noted that that in the first part of the proof, no additional
assumptions were made on the structure of the SP-graphs. In the second part, however,
we note that shortest path problems yield spanning shortest path trees, so if the SP-graphs
were not spanning, not connected or contained directed cycles, constraints 1.2 might not
be satisfied.

In conclusion, if P1 has a feasible solution, no further assumptions on the SP-graphs are
necessary. Verifying that P1 has a feasible solution if comptaible weights exist, however,
requires that each SP-graph can be obtained by solving a shortest path problem.

It should be pointed out that nothing in the proof prohibits SP-graphs from containing
several paths between a pair of nodes.

3 Using LP-duality

As mentioned above, our main interest lies in whether or not there exists compatible
weights. This question can now be reformulated to whether or not P1 has a feasible
solution. We start by formulating the LP-dual to P1.

Let ’yfj be the dual variables to constraint sets 1.1 and 1.2 (note that for any [, each
arc appears once, either in constraint set 1.1 or in constraint set 1.2), and let J;; be the
dual variables for constraint set 1.3. The LP-dual can be formulated as follows.

max Z Z %]—l— Z dij

= ZJ)€Az (i,j)eA

s.t. yh+ i = 1 VY(i,j)eA (2.1)
Z i+ 0 P
Z %j Y 4 =0 VieNi=1,...,m (2.2)
J:(i.3)eA J:(Ji)eA

AVAIAY

Vi 0 V(i,j) ¢ Al=1,... ,m (2.4)
Note that v; is free (not sign-restricted) for (i,j) € A;,l = 1,... ,m, and that these
variables do not appear in the objective function.
Let us first eliminate 6. Constraint set 2.1 immediately gives d;; =1 — >, wfj, and
constraint set 2.3 yields > ", vfj < 1. Doing the substitution in the objective function

yields
m
!
Z DMt X 1—2% AI=>0 >
I=1 (1,)¢ A (i,5)€A I=1 (i,5)€ A
We now ignore the constant |A| and change from maximization to minimization. (The
actual objective function value is unimportant.) We have now simplified P2 to the fol-

lowing,.
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s.t. > A < 1 V(,j)eA (3.1) (P3)
=1
Yoo Y v = 0 VieNI=1,...,m (3.2)
Ji(ig)eA Jigi)eA
o > 0 V(i,j) ¢ A,l=1,...,m (3.3)

Let v be the optimal objective function value of P3. The only difference between P3
and a standard multicommodity network flow problem, see for example [1], is that some
variables are free (not nonnegative). Our goal at the moment is not to solve this problem
computationally, but rather to investigate its properties.

Constraint set 3.2 states that the inflow to each node must equal the outflow, for each
commodity. This means that we are looking for a circulating flow, as there are no sources
or sinks. Constraint set 3.1 corresponds to capacity constraints, and all capacities are
equal to one. (Note that these ones are the objective function coeflicients for w in P1,
and could, as mentioned, be other non-negative constants.)

We note that a feasible solution is obtained by setting ’yfj =0V(ij) € A VI. This
means that §;; = 1 V(¢,j) € A, and a quick look at the complementary slackness conditions
reveals that this corresponds to setting w;; = 1 V(i, j) € A. This is unlikely to be a feasible
solution in P1, but since it is a feasible solution to P3, an upper bound to the optimal
objective function value of P3 is zero. A better solution can be found if some of the (free)
variables in the objective function can be decreased. LLemma 1 and LP-duality gives the
following result (see [3| for details).

Lemma 2 PI1 has a feasible integer solution if and only of P3 has a bounded optimal
solution.

Thus there is no feasible integer solution to P1 if P3 has an unbounded solution, so we
can study P3, in order to draw conclusions about the existence of compatible weights.

4 Unbounded multicommodity flow solutions

Let us now study unbounded solutions to P3. We start at a feasible solution, for example
4 = 0, and change it such that some variables go toward infinity.

Constraints 3.2 only allows circulating flow, so we must change the flow in cycles.
Consider a cycle C C A, C = F U B, where F are the arcs used forwards (in their
directions) and B are the arcs used backwards (against their directions). We change the
flow of commodity I’ in the cycle C' by increasing vfj with the amount 6 on forward arcs,
and by decreasing %4]- with the amount 6 on backward arcs. To get an unbounded solution,
we need to increase  infinitely.

Constraint set 3.1 says that »_,", vfj < 1, so if one variable in the left-hand-side is to
be increased infinitely, another variable must be decreased infinitely. Specifically, if the
flow of a commodity !’ in arc (i, j) is increased by 6, then the flow of another commodity,
1", in that arc must be decreased by the same amount. This can be easily accommodated
by using the same cycle C' for commodity {” as for commodity {’, but doing the change in
reversed direction. Thus we get the following change.

12



Vo=aL+6 V(ij)€F, 'ym—:yf;;—f) v(i,j) € B
"Y’Z;/ = :Y’Z/]/ —0 V(?]) € F: /Yij - /?z];/ =+ 4 V(?]) €B
According to constraint set 3.3, 'yfj > 0 V(i,j) ¢ A, VI, some variables can not be
decreased infinitely. The flows that are decreased are commodity I’ in arcs B and com-
modity [” in arcs F', so these variables must not appear in any non-negativity constraint.
In other words, all (4, j) € B must also be included in Ay and all (z,j) € F must also be
included in A;». This means that it is necessary that B C Ay and F C Aj;s. This can also
be written as [BN Ay| = |B| and |F N Ap| = |F|. Furthermore, since |[BN Ay| < |B| and
|F N Ap| < |F|, an equivalent statement is that |B N Ay| + |[F N Ap| = |B| +|F].

Lemma 3 The flow in a cycle C = F U B can only be increased infinitely if B C Ay and
F g Al” .

We call such a cycle a feasible cycle, while if |[BNAy|+ |[FNAp| < |B|+|F|, the cycle
is called infeasible.

In order for P3 to have an unbounded solution, the objective function value must be
decreased mﬁmtely Insertmg the parameterized solution into the objective function yields

—ZZ%J ZZ%ﬁ D 0= D 6= D 0+ D 0

=1 (i,5 EAl =1 ( ,])EA[ (3, ])EFﬁAl/ (Z,j)EBﬁAl/ (i,j)EFﬁAl/l (i,j)EBﬁAl//
= F —I— (‘FﬂAl/‘ - ‘B ﬂAl/‘ - ‘FﬂAl//‘ + ‘B ﬂAl//DH =T +f00./

where 7€ = |FN Ap| — | BN Ap| — |F N Ap| + |BN Apl is called the reduced cost for cycle
C,and I'= 370 37, oo a, V- which is a constant.

In order for v — —o0o0 as # — oo, the reduced cost #¢ must be negative. Now we
remember that this unbounded solution is feasible only if |[BN Ay| = |B| and [F'N Ap| =
|F|, so the reduced cost becomes ¢ = |F'N Ay| + |B N Ap| — |F| — |B| and a negative
reduced cost is obtained if |[FF-N Ay| 4+ |BN Ap| < |F|+ |B|. Since |[F' N Ay| can never be
larger than |F| and |B N Ap| can never be larger than |B|, the only possibility for this
inequality not to hold (i.e. #¢ = 0) is that |[F'N Ay| = |F| and |B N Ap| = |B|. In other
words, in order for the reduced cost to be negative, it is enough if there is one element in
F not in Ay or one element in B not in A;.

We call arc (i, j) eligible if either (i, j) € F and (4,j) & Ap or (i,j) € B and (i,7) & Ap.
Moreover, a cycle with |[FNAp|+|BNAp| < |F|+|B] is called an improving cycle, while
if |[FNAy|+ |BnN Ay =|F|+ |B|, the cycle is called non-improving.

Lemma 4 A feasible cycle C' = F U B indicates an unbounded solution of P3 only if
|[FNAy |+ |BNAp| < |F|+|B|, i.e. if there is at least one eligible arc (an arc in F' not
in Ay orin B not in Ap ).

Summing up these conclusions, we wish to find a cycle C' = FUB, and two commodities
" and !"” such that B g Al’ and F g Al” while ‘F N Al" + ‘B N Al”‘ < ‘F‘ + ‘B‘/ which
means that the cycle is both feasible and improving.

Definition 2 A cycle C = F'U B is called valid if there exist two indices I' and " such
that | BN Ay| = |B|, |FNAp| = |F| and |[F N Ap|+ |BN Ay < |F|+|B|. Equivalently,
for a valid cycle, B C Ay and F C Ay, while B L Ay and/or F € Ayp.

Theorem 2 If there exists a valid cycle, then there exists no compatible set of weights.

13



Theorem 2 can also be proved by direct arguments in P1, not using LP-duality. By
walking around the cycle, one can sum up all constraints encountered, and from this draw
the conclusion. The details of this are given in [3].

A previously known necessary condition for the existence of compatible weights is that
if two desirered paths use the same two nodes in the same order, then the paths hetween
the two nodes must be identical. Paths that satisfy this are called sub-optimal. Tt is in [3]
shown that if two SP-graphs contain paths that are not sub-optimal, then a valid cycle
exists. Furthermore, in section 7 we give an example with sub-optimal paths where a
valid cycle exists. Thus, the absence of valid cycles is a stronger necessary condition for
the existence of compatible weights than sub-optimality.

One can easily show the following (for details, see [3]).

Lemma 5 A wvalid cycle must contain at least three nodes and three arcs.

If all SP-graphs are trees, there does not exist any cycle within an SP-graph, even if we
disregard the arc directions. Since a feasible cycle has B C Ay, we can draw the conclusion
that F© € Ay for any feasible cycle. Also, since F' C A, we know that B € Ay, This

immediately tells us that any feasible cycle is improving, i.e. valid.

Theorem 3 If the SP-graphs Ay and Ay are trees, then any feasible cycle (i.e. with
B C Ay and F C Ay ) is also valid.

5 A method for finding valid cycles

Let us now consider practical ways of finding valid cycles. We wish to find a valid cycle
C = F U B and two indices I" and [" verifying its validity, i.e. such that |B N Ay| = |B],
‘FﬂAl//‘ = ‘F‘ and ‘FﬂAl/‘ + ‘BﬂAl//‘ < ‘F‘ + ‘B‘

We enumerate all pairs of commodities, i.e. try to find a valid cycle for each ' =
1,....,mand l” =1,... ,m. There are (m — 1)? possibilities, but as soon as we find a
valid cycle, we stop. So assume now that I’ and [" are given.

First we note that Ay U A;» must cover the cycle, so arcs not belonging to any of these
sets are discarded, i.e. removed from the graph. Then, since we require B C Ay and
F C Ap, we label each arc in Ay with B, and each arc in A;» with F. This is called the
labeling phase.

After this, all remaining arcs are labeled at least once. Arcs labeled only with B must
belong to the set B, if they are included in the cycle, and arcs labeled only with F must
belong to the set F', if they are included in the cycle. Arcs labeled with B or F are eligible,
while arcs labeled with both B and F are not eligible.

The next step is to remove parts of the remaining graph that can not be a part of a
valid cycle. This is called the reduction phase. In this stage we must obey the arc labels,
so that an arc labeled F can only be used forwards, and an arc labeled B can only be
used backwards, and an arc labeled both with B and F can be used in both directions.
For example, an arc “entering” a node ¢ can be an arc ending in node ¢ with label F, an
arc starting in node ¢ with label B, or an arc labeled with both F and B (regardless of
original direction).

The reduction phase aims at ensuring that all remaining nodes have at least one en-
tering arc and at least one leaving arc (different from the entering arc).

e For any node with only one adjacent arc: Discard the node and the arc.

14
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Figure 1: A graph with an arc not included in any cycle.

e If there are no arcs entering (leaving) a node: Discard the node and all adjacent
arcs.

e If there is only one arc entering (leaving) a node, and this arc is labeled with both
B and F: Keep the label that enables entering (leaving) the node, and remove the
other label.

Furthermore we note that there must be at least three nodes and three arcs in a valid
cycle, see lemma 5, so any graph smaller than that may be immediately eliminated.

e For any connected graph component with less than three nodes or less than three
arcs: Discard all nodes and all arcs in the component.

These graph reductions should be repeated until no more changes occur. We need to
investigate each node at least once, checking all its adjacent arcs. As soon as a change
is made in the graph, all affected nodes have to be checked again. As the changes are
either removing an arc label or removing a node, at most |N|+ |A| changes can be made.
If we keep a list of the in-degree and out-degree of every node, this list can easily be
updated when changes are made, especially if the change only affects one arc. An simple
estimation of the complexity of the reduction phase is O(|N|?).

Lemma 6 If the graph is completely eliminated by the reduction phase, there exists no
valid cycle with the two SP-graphs considered.

If the graph is not completely eliminated, a graph with at least three nodes remains,
and it contains at least one feasible cycle. According to lemma 4, a feasible cycle is valid
if it contains an eligible arc, i.e. one arc in F' outside of Ay, or one arc in B outside of
Ay, If there are no eligible arcs in the graph, there is no valid cycle in the graph, and we
are finished with this commodity pair.

Let us start with an eligible arc. A cycle is found simply by traversing nodes, using a
leaving arc that is different from the entering. After at most | V| steps, we will return to
a node previously visited, and have thus found a cycle.

It is not certain that our starting arc is included in the cycle we find. Actually, it is
not certain that there exists a cycle including our starting arc. See the graph in figure 1,
which might be the result of the reduction phase. Note that the graph has two cycles,
and that regardless of which arc we start with, one of them will be found. However, if we
start with arc (3,4), and hope to find a cycle with it in, we will fail. We will instead find
the cycle 4-6-5.

In general there are two possibilities. Either there exists a cycle containing an eligible
arc, or there does not exist one. In the first case, we wish to find the cycle. In the second
case, we wish to verify that there is no such cycle, and conclude that there exists no valid
cycle for this pair of commodities. We try to make the cycle as large as possible, since
that might increase the probability that our starting arc will be included in the cycle. If
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there is more than one outgoing arc from a node, we avoid if possible arcs going to already
visited nodes.

As soon as we find a cycle including our starting arc or another eligible arc, we have
succeeded in finding a valid cycle, and can terminate the procedure. If there is no eligible
arc in the cycle, we have found a cycle with FF C Ay and B C A, i.e. a cycle with reduced
cost equal to zero. Such cycles are not valid, and should if possible be removed from the
graph.

If the cycle is “isolated”, in the sense that the total out-degree from the cycle is equal
to zero (see cycle 4-6-5 in figure 1) or the total in-degree into the cycle is equal to zero
(see cycle 1-3-2 in figure 1), it can be eliminated. The reason is that the arcs in the cycle
can not be a part of another cycle, since either we can not leave the cycle once we are in
it, or we can not enter it from nodes outside the cycle. This reasoning can be extended
to any subgraph as follows.

Definition 3 A subgraph containing no eligible arcs and with either total in-degree equal
to zero or total out-degree equal to zero, is called an isolated subgraph.

Lemma 7 No node in an isolated subgraph can be a part of a valid cycle.

All nodes in an isolated subgraph (and all adjacent arcs) can thus be discarded. We
then return to the reduction phase, since this could enable additional reductions in the
graph.

Let us now assume that a graph with at least three nodes and at least one eligible arc
remains. We also assume that no valid cycle has been found, no more reduction of the
graph is possible and that the heuristic cycle search fails to find a cycle.

Suppose that we choose an eligible arc (7,j), say a forward arc not in Ay. A cycle
including this arc consists of arc (i, j) and a path from node j to node i. Therefore we
search for a path from j to ¢ (or a path from i to j if (4,7) is a backward arc). We set
cost zero on all eligible arcs and one on all others. Arcs labeled with both F and B are
duplicated, one in each direction.

Then we find the shortest path from node j to ¢ with a standard shortest path method,
for example Dijkstra’s method, which has the complexity O(|N|?). The result is either a
path from j to i, or a proof (a cut separating j from i) that there exists none. If we have
found a path, a cycle is formed by adding arc (7, j), and we have succeeded in finding a
valid cycle. If there is no path, we know that there exists no cycle including arc (3, j).
Then this arc can be removed from the graph, and we return to the reduction phase,
which may yield new results in the absence of arc (3, j).

Actually, using Dijkstra’s method, we will label all nodes that are reachable from node
j, and the cut will indicate a set of nodes, D, that has no leaving arc. If there is no
eligible arc in the subgraph spanned by D, we have found an isolated subgraph which can
be eliminated.

This way we will either find a valid cycle or eliminate the whole graph. Concerning
the complexity, at least one arc will be removed in each main iteration, after which
the reduction phase is redone. A crude estimation of the complexity of the method is
O(m?|A||N|?), which is O(JA||N|®) if the number of SP-graphs equals the number of
nodes, and it is certainly not more than O(|N|). This can probably be decreased, but
our conclusion is that the method is polynomial. Furthermore, this complexity has little
to do with the practical performance of the method.

Let us summarize the Valid Cycle (VC) method in a more algorithmic fashion.
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10.

11.

12.

13.

. Choice of SP-graphs: If all pairs of SP-graphs have been compared, go to 12.

Otherwise choose two SP-graphs I’ and " not previously compared.

. Labeling phase: Label each arc in 4y with B and each arc in Ay with F. Arcs

labeled with only B or only F are marked eligible.

Reduction phase: Repeat until no more changes:
Remove nodes with only one adjacent arc.
Remove nodes with no entering (leaving) arcs.
Remove an arc label if the other label gives the only entering (leaving) arc.
Remove all isolated components with less then three nodes or arcs.

Elimination check: If all arcs are eliminated, go to 11 .

Eligible arc: Search the remaining graph for an eligible arc. If no eligible arc exist,
go to 11. Otherwise, let (i,7) be the eligible arc found, and L its label.

Heuristic cycle search: Find a cycle by heuristic: Start with arc (i,7) (in the
proper direction) and traverse nodes, using adjacent arcs. Never use the same arc
twice. Stop when a node is visited a second time: A cycle is found.

Evaluation of cycle: If the found cycle contains an eligible arc, go to 13. If the
found cycle has total in-degree or out-degree equal to zero, go to 10.

Shortest path cycle search: Set arc cost equal to zero for eligible arcs and equal
to one for the other arcs. Find shortest path from node j to node 7 if L is F, or from
node ¢ to node j if L is B. If a path exists, add arc (i, j) to form a cycle, and go to
13.

No path: Remove arc (i, 7). If the reachable subgraph contains some eligible arc,
go to 3.

Isolated subgraph: An isolated subgraph is found. Eliminate all nodes in the
subgraph and all adjacent arcs. Go to 3.

Graph eliminated: No valid cycle found. Go to 1.

No valid cycle found: No valid cycle exists. Terminate the method. (Try to find
compatible weights.)

Valid cycle found: A valid cycle is found. Terminate the method. No compatible
weights exist.

Comments: Feasible directions of the arcs are given by the labels. When a node is
removed in the reduction phase, all adjacent arcs are also removed. When searching for
cycles, the direction is given by the label of the eligible starting arc. A cycle found by the
shortest path method always contains an eligible arc, so this does not need to be checked.

For the special case when all SP-graphs are trees, theorem 3 tells us that any feasible
cycle is also improving, and thus valid. A feasible cycle is always found in step 6, and we
know that it is valid, so we will go directly to step 13. In this case, steps 7, 8, 9 and 10
will never be used, and can be removed from the algorithm.
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Theorem 4 After a finite number of steps, algorithm VC wnll terminate, either with a
valid cycle, or with the whole graph eliminated, in which case there exists no valid cycle.

The algorithm VC can be used to check if a number of SP-graphs agree. See section
6 for a discussion about the possibilities of changing SP-graphs to make them agree. It
can also be used in different iterative procedures for determining which SP-graphs to use,
out of a larger number. One might also consider to use it within an advanced Constraint
Programming method, where algorithm VC is an implemented constraint.

6 Modifications of SP-graphs

If no compatible set of weights exist for a certain set of SP-graphs, these SP-graphs can
not be realized in an IP network using OSPF. In this context there is something “wrong”
with this set of SP-graphs.

If our task is to determine the values of the weights, and we are forced to use the weights
found, we will get traffic patterns that are different from what is desired. However, as P1
is infeasible, solving it will not yield any useful information about how to set the weights.

P1 could be made feasible by changing some of the indata. The simplest possibility is
to remove some SP-graph, which means that some paths are no longer considered to be
desired. In such a case, our method is directly useful, since it indicates two conflicting SP-
graphs, [ and ["”. Removing one of these will remove that particular conflict. Obviously
this may have to be repeated, since our method stopped when it found the first conflicting
pair of SP-graphs.

Another possibility is to modify an SP-graph. Again it is useful that our method
indicates which SP-graphs to consider. We even know which set of arcs in the SP-graphs
to consider. In such a situation, we get a cycle C' = F'U B and two indices I’ and ", such
that B C Ay and F' C Ay (since it is feasible). We would also like to have B C Ay and
F C Ay, but there is at least one arc not fulfilling this, since the cycle is improving. The
arcs making it improving are given by the sets F = {(4,7) : (i,§) € F,(i,j) & Ay} and
B = {(Z,j) : (Zj) S B7 (Zj) ¢ Al”}'

In order to remove a valid cycle, we can either make it non-improving or make it
infeasible (or both). The following actions are possible to take.

1. Add all arcs in F to Ay and and all arcs in B to A;. This makes the cycle non-
improving.

2. Remove one arc in BN Ay from Ay or one arc in F'N A from A;» in such way that
the SP-graph remains connected. This makes the cycle infeasible.

3. Replace arc(s) in Ay or Ay to make the cycle infeasible and /or non-improving.

Unfortunately, these changes might create new conflicts between the SP-graphs. Adding
arcs might make a previously infeasible cycle feasible, and if it is improving, it will become
valid. Removing arcs might make a previously non-improving cycle improving, and if it
is feasible, it will be valid. The development of a better method for changing SP-graphs
is a topic for future research.
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Figure 3: The graph after the labeling phase (left) and the graph after the reduction
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7 A small example

Let us now study an example with two SP-graphs (based on an example given in [7]).
SP-graph A; is an in-tree entering node 6, while SP-graph A, is an out-tree leaving node
1, as shown in figure 2. This pair of SP-graphs is suboptimal, since the only node pair
connected in both A; and A, is connected by an identical path (node pair (1,6)).

We label all arcs in A; with B and all arcs in Ay with F. The left graph in figure 3
shows the situation after the labeling phase.

In the graph reduction phase, arcs (1,2) and (1,3) are labeled F so if it should be
possible to enter node 1, arc (1,6) must be labeled B. Therefore we remove label F from
arc (1,6). However, now node 6 can not be entered, so node 6 and all adjacent arcs are
discarded. Since arc (1,6) was removed, it is not possible to enter node 1, so it is discarded,
together with all adjacent arcs. In the right part of figure 3, we show the graph remaining
after the reduction phase.

All arcs are now eligible, since both arcs in F' lie outside A; and both arcs in B lie
outside A;. The heuristic cycle search will find the cycle 2 -4 - 3 - 5 - 2 and we conclude
that there does not exist any compatible weights for this pair of SP-graphs.

If we wish to modify the SP-graphs so that compatible weights exist, we could add arcs
(2,4) and (3,5) to A; and (2,5) and (3,4) to As. There are now two paths in A; between
nodes 2 and 6 (and nodes 3 and 6), so this introduces splitting of the traffic. The same
happens in A, between nodes 1 and 4, and between 1 and 5.

We might instead consider removing an arc from A; or A;. However, as A; and A, are
trees, this is not possible since the corresponding SP-graph will fall apart. It is possible
to replace an arc in one SP-graph, for example replace (2,5) by (2,4) in A;. This change
will remove the valid cycle. Furthermore no new conflicts will appear, and there exists
compatible weights after the change.
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Table 1: Computational results.

IN[TP [ Nv [ Nw | No | Tr| Ty
10 [41] 18] 22| 1] 16] 04
15 (42| 35| 7| 0] 34| 08
20 |40 33| 7| 0| 97| 24
30 {40 33| 7| 0536|134

8 Implementation and computational tests

The VC-algorithm has been implemented in Tecl/Tk within the framework of the graph-
ical package VINEOPT (Visual Network Optimization) (www.vineopt.com). Tcl/Tk is a
scripting language, and the code has been translated to C with the package MKTCLAPP.
Nevertheless this implementation is probably much slower than a proper implementation
in C.

A number of test problems have been generated in the following manner. We start with
four networks with 10, 15, 20 and 30 nodes and generate weights such that splitting is
probable. Shortest path trees to each node are calculated, and SP-graphs are constructed
by including all arcs with reduced cost equal to zero. This means that the number of
SP-graphs is equal to the number of nodes, and that all SP-graphs are in-graphs spanning
all nodes.

The resulting SP-graphs obviously have compatible weights. A goal of the problem
generation is that it should not be known in advance if compatible weights exist, so some
modifications are made. The first modification is to include one arc with reduced cost
equal to one in a randomly chosen SP-graph. The second modification is to add an arc to
a randomly chosen SP-graph, such that the depth of the ending node of the arc is greater
than the depth of the starting node. It can be shown that neither of these modifications
lead to directed cycles in the SP-graphs.

One solution approach is to first try to find compatible weights by solving P1 with an
LP-code, and if it fails to find a feasible solution, analyze the situation further with the
VC-algorithm. Another approach is to first run the VC-algorithm, which will either prove
that no compatible weights exist, or indicate that compatible weights might exist. In the
latter case, we try to find the weights by solving P1.

The first approach is probably more efficient, since all pairs of SP-graphs must be
considered by the VC-algorithm. However, since the topic of this paper is to analyze a
set of SP-graphs, we have chosen to use the second approach. The largest part of the
solution time is therefore spent on comparing the SP-graphs, since P1 is only solved when
no valid cycle is found. We use the code LPSOLVE for solving P1.

In table 1 the computational results are summarized. P denotes the number of instances
in the group, Ny is the number of instances with valid cycles, Ny is the number of
instances with compatible weights, Ny is the number of instances without valid cycles
and compatible weights (which means that the unbounded solution of P3 is of a more
complicated type). Tr is the total time for all of the problems, and T7 is the average time
for each instance, both in seconds. The computer used is a 2.4 GHz PC running Linux.

Table 1 shows that the solutions times are reasonable. Another important result is that
only for one of the 163 different instances solved, compatible weights do not exist even
though no valid cycle is found. This indicates that valid cycles seem to capture most cases
where compatible weights do not exist. We can therefore draw the conclusion that valid
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cycles give a practical and useful characterization of instances for which no compatible
weights exist.

9 Conclusions

We have presented a new and useful way of finding instances of shortest paths graphs
that together prohibits the existence of compatible weights for IP networks using OSPF.
The characterization is based on so called valid cycles. A polynomial method for finding
valid cycles is proposed. Computational results confirm that the solution method does
not take exceedingly long time, and that it seems to capture most cases where compatible
weights do not exist.

Future research will consist of including this method into a method for finding the op-
timal design of an OSPF network. We will also investigate and develop practical solution
methods for the more complicated cases where neither compatible weights nor valid cycles
exist.
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Abstract

Several computational decision analysis approaches have been developed
over a number of years for solving decision problems when vague and
numerically imprecise information prevails. However, the evaluation
phases in the DELTA method and similar methods often give rise to
special bilinear programming problems, which are time-consuming to
solve in an interactive environment with general nonlinear programming
solvers. This paper proposes a linear programming based global
optimization algorithm that combines the cutting plane method together
with the lower bound information for solving this type of problems. The
central theme is to identify the global optimum as early as possible in
order to save additional computational efforts.
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1 Introduction

With the rapid development of graphical user interfaces, it is possible to bring the
use of sophisticated computational techniques for decision analysis to a broader
group of users, and many decision analytic tools have emerged. However, most
of them consist of some straightforward set of rules applied to precise numerical
estimates of probabilities and values no matter how unsure a decision maker is of his
or her estimates. The requirement to provide numerically precise information in such
models has often been considered unrealistic in real-life decision situations. Besides,
sensitivity analysis is often not easy to carry out in more than a few dimensions at
a time because of precise figures. When a decision maker is faced with a decision
problem that could not be directly judged by his or her empirical experience, or
according to available historical data, a module allowing imprecision is obviously of
great value.

A number of techniques allowing imprecise statements have been suggested, but
they are concentrated more on representation and less on evaluation. In spite of
several years of intense activities, only a few decision analytic tools, for example,
ARIADNE, DecidelT and Winpre, can evaluate imprecise estimates. Among these
tools, the DELTA method for decision analysis, described in [4, 5, 6, 7, 11], is an
approach towards analyzing decision problems containing imprecise information,
represented by intervals and relations. It has been implemented in the Decision
Analysis System (DAS) DecidelT [8], and has been used in various real-life con-
texts; e.g., [12]. Due to the introduction of interval and qualitative estimates, the
relaxation of classical decision theory in this respect gives rise to special Bilinear
Programming (BLP) problems, whose study is a sub-field of Nonlinear Programming
(NLP).

In Fig. 1 below, a decision tree is presented,
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Figure 1: A Decision Tree

where D1 is a decision node, E1 and E2 are probability nodes, representing inde-
terminism, with associated probability distributions. The leaves are consequence
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nodes with convex sets of associated value or utility functions. In DELTA, a deci-
ston frame represents a decision problem of this type. The idea behind such a frame
is to collect all information necessary for the model in one structure. This struc-
ture is then filled in with user statements represented as linear inequalities. User
statements can be range constraints, core intervals, or comparative statements. In a
decision frame, a consequence ¢; is denoted by a variable v; and the user statements
can be of the following forms for the numbers a1, as, b1, b2, d1, and ds.

e Range: v; is definitely between a1 and as;
e Core interval: v; is likely to fall between b; and bs; and

e Comparison: v; is larger than another variable, v;, by an amount between d;
and ds.

All value statements are translated and collected together in a value base (V-
base). On the other side, with the usual normalization constraints > ;c;p; = 1
and > ;c;p; = 1, where I and J are index sets labelling the consequences of two
alternatives, all probability statements in a decision problem are translated into a
probability base (P-base). The structure < P,V > is referred to as a decision frame.

Given a decision frame < P,V =, the primary evaluation rules in DELTA are
based on pair-wise comparisons using a generalization from the principle of maximiz-
ing the expected utility. A typical issue in this context is to maximize an expression,
such as max (3,7 pivi — - je s Pjvj), which is subject to a constraint set defined by
a decision frame. Similar evaluation rules apply in other analysis methods.

More generally, comparative decision rules in computational decision analysis
are variations of the following form:

%[min(ziel Pivi — Xjeg pjv;) + max(} ey pivi — >jed p;v;)] (1)
In a typical decision situation, imprecise estimates occur in both P- and V-
bases, which results in a special BLP problem. It should be noted that in (1), the
corresponding maximization problem is readily solved by minimizing the negation of
a minimization problem. Therefore, without losing any generality, throughout the
rest of this paper, the focus will be centered on developing a rapid BLP algorithm
for solving:
min  f(p,v) = Xicr Pivi — X jeg PiV5;
SRR KRS S A
LV - 0 CV |4 - UV
where Lp, Cp and Up represent the lower bounds, constraint coefficients and upper
bounds in the P-base, respectively; P' = (p},p!;) represents the variables in the
P-base; and by analogy, these definitions also exist in the V-base.
The next section will describe the optimization background employed in our
procedure, which is followed by developing a BLP algorithm that combines a cutting

plane method in a local optimization phase with a lower bounding method in a
global optimization phase. Then a numerical example is solved to illustrate the
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elements of the BLP algorithm. Computational results on more than four-hundred
randomly generated decision analysis problems indicate that the approach is very
effective for solving practical sized decision analysis problems in real time on a
laptop architecture computer. Two possible directions for future research on our
approach are suggested in the final section.

2 Optimization
Consider the standard disjoint BLP problem:

min f(x,y) = c'z + dly + 2tCy,
st. zeXo={reR™: Aix <bi,z >0}, (3)
yeYy={y € R": Ayy < bg,z >0}

where ¢ € R™ and d € R"™ are linear parts for z and y, respectively, C € R™*",
and X and Yy are bounded polyhedral sets. In terms of (2), both ¢ and d are zero
vectors, and C' is always an indefinite square matrix with only +1 or —1 diagonal
elements. For example, in Fig. 1:

SO OO O
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The disjoint BLP (3) is one type of general Quadratic Programming (QP) prob-
lems with a symmetric indefinite quadratic form matrix. The special cases (2) that
arise in computational decision analysis have the added property that the bilinear
form matrix C' is indefinite. In both cases, the problem is non-convex and global
optimization strategies are required to find the absolute minimum objective value,
which is called the global minimum, and its corresponding solution point, which is
called the global minimizer. It should be noted that we distinguish between the min-
imal objective function value and the corresponding point at which it is achieved
as minimum and minimizer, respectively. A general framework for many global
optimization strategies is summarized in [18] as:

“Actually all methods for global optimization consist of two phases: a
global phase, aimed at thorough exploration of the feasible region or
subsets of the feasible region where it is known the global optimum will
be found, and a local phase aimed at locally improving the approxima-
tion to some local optima. Often these two phases are blended into the
same algorithm, which automatically switches between exploration and
refinement.”
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The procedure presented herein captures the spirit of this general framework by
proposing a refinement to an existing algorithm for the local phase blended with a
formulation for the global phase to produce a global optimization algorithm that
finds either an exact global minimizer or an epsilon-global minimizer with a specified
tolerance.

An important property of (3) to observe is that even though f(z,y) can be shown
to be not quasi-concave, an optimal solution (x*,y*) exists at an extreme point of
Xo x Yo, [2]; ie., * is an extreme point of Xy and y* is an extreme point of Yj.
However, this property is lost in the jointly constrained case such as:

min f(x,y) = ctz + dly + 2t Cy, (4)
st. zyye{xermyer”: Ajz+ Ay <b,z >0,y >0}

To solve a jointly constrained BLP problem with a non-extremal boundary point
optimum poses the greatest computational difficulty. However, for those BLP prob-
lems exhibiting extreme point optimal solutions, it is relatively easy to solve. Some
computational results are reported in [20, 21].

The other important property of (3) is that any cuts involving variables associ-
ated with both Xy and Yy sets will destroy their special structures. Problems do
exist where one of the sets has special structure that can be exploited by efficient
algorithms which can be used to solve sub-problems in the solution procedure, [23].
Accordingly, we prefer developing linear cuts within only one polyhedron.

3 Local Optimization

The local optimization phase aims at locating a local optimum. Any local opti-
mization technique for finding Karush-Kuhn-Tucker (KKT) solutions of quadratic
programs, such as Wolfe’s simplex method or an interior point method, can accom-
plish this task. Nevertheless, the structure of the disjoint BLP problem (3) itself
suggests a Linear Programming (LP) based vertex following algorithm, which is very
convenient and efficient, [16]. The approach consists in starting with an arbitrary
fixed z € Xp, and solving the related LP problem with y as the unknown. The
solution, ¥, is then used to solve another LP problem with = as the unknown. This
in turn yields a new solution for x. The procedure is repeated until a pair of values
(Z,7) is found that solves both LP problems. It has been proved that the resulting
solution is a KKT point.

DEFINITION 1: Consider P : min f(z) subject to x € S, where S is a com-
pact polyhedral set and f is non-convex. A local star minimizer of P is defined as a
point T such that f(z) < f(x) for each x € N(T), where N(Z) denotes the adjacent
extreme points to .

Extending the definition of N(Z) into the disjoint BLP (3), an extreme point is
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adjacent to (7,7) if and only if it is of the form (z%,7) or (Z,y) where 2! € N(T)
and y* € N(7).

DEFINITION 2: An extreme point is called a pseudo-global minimizerif f(Z,7) <
f(x,y) for each x € Bs(T) N X and for each y € Yj, where By is a ¢ neighborhood
around 7.

Intuitively, a pseudo-global minimizer is an extreme point that satisfies the KKT
conditions, has no descent directions within its neighborhood, and acts as a local
minimizer in z-space and a global minimizer in y-space. In order to obtain a pseudo-
global minimizer, we closely follow the algorithm described in [26].

ALGORITHM 1:
1. Find a feasible extreme point z! in Xj.

2. [a] Solve: min{f(z!,y)|y € Yo}, to yield an optimal y'.
[b] Solve: min{f(x,y')|z € Xo}, to yield an optimal x2.
Repeat until the procedure converges to a local star minimizer (%, 7).

3. Let ', ..., 2™ be the adjacent extreme points of Z.
Solve: min{ f(z%,y)|y € Yo}, to yield solutions y',..., y™.

4. If f(z,7) < f(z',y) for all 4, terminate with (Z,7) as a pseudo-global mini-
mizer.

5. Choose one f(x",y") < f(z,%) and go back to 2[b] with y' = ¢".

The performance to locate a KKT point in the DELTA method has been reported
in [10]. Based on computational observations, a KKT point is found within four
iterations, on average. However, checking its adjacent extreme points is relatively
time-consuming, especially when we have to return to step 2[b| from step 5.

4 Global Optimization

Given a pseudo-global optimizer, a linear cut needs to be generated within only one
polyhedron. The cutting plane techniques for bilinear programs were inspired by
similar methods for concave problems, [19, 25]. One of the first such procedures was
proposed in [16] to delete local vertex solutions by using Ritter’s cut [19]. Another
cutting plane approach was developed in [13] by using Tuy’s cut [25]. The latter
used LP duality theory to reformulate the BLP problem as an equivalent concave
minimization problem with an implicitly defined objective function. The polar
cuts of [3] were applied in [26] to BLP, where it was proved that the polar cuts
uniformly dominate other similar cuts. This approach was further strengthened
in [22] by employing negative edge extension polar cuts and disjunctive face cuts,
whereupon finite convergence to an exact solution could be guaranteed. In [15], it
has been pointed out that [22] might be the most efficient approach for handling
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BLP problems. Accordingly, in this paper, we employ polar cuts to cut off local
vertex solutions.

Let Z be an extreme point of X and let p;, j € J, be the m nonbasic variables at
Z, where J is the index set for the nonbasic variables. Denoting by & the columns
of the simplex tableau in extended form, the m-vector x can be written as:

Barring the degenerate case, X has precisely m distinct edges incident to T and
each half line
F={z:x=7—eX\,\;>0},j€J (5)

contains exactly one such edge, [3].

DEFINITION 3: The generalized reverse polar of Yy for a given scalar « is given
by Yo(a) = {x : f(z,y) > a} for all y € Yj.

Following [22, 26], let (Z,%) be a pseudo-global minimizer, let the rays & be
defined as in (5), let o be the current best objective value of f(z,y), and let A; be
defined by:

s max{\; : f(T — e/ \j,y) > a forall y € Yo} if & ¢ Yp(a), (6)
T —max{\; : f(ZT+ €\, y) > a for some y € Yo} if & C Yo(a)

Then the inequality
Ejerj/)\j >1 (7)
is a valid cutting plane. The second line in (6) is referred to as the negative extension
polar cuts. Inequality (7) is a valid cut in the sense that firstly, it does not contain
the current pseudo-global optimum; and secondly, it contains all the candidates
x € X for which min{f(z,y)|y € Yo} < a.

The cutting plane method searches for the global optimum by exhausting all
possibilities within one of the two bounded polyhedra. Although ALGORITHM 1
always generates a feasible solution, we have no way of knowing if we have found the
global solution until we have cut off all of the pseudo-global optima. Consequently,
the key idea is to obtain some lower bound information concerning the global solu-
tion. Then at least we can tell how close the current best solution is to the global op-
timality before an exhaustive search. We employ the convex and concave envelopes
of z;y; developed in [1, 2] to obtain such a lower bound. Consider the inner product
x'y over the compact hyper-rectangle Q = {(x,y) : I <2 < L,m <y < M}. Define
Qi = {(mz,yl) : ll <z < Li,mi < Yi < MZ} so that Q = Ql X QQ X X Qn The
convex and concave envelopes of x;1; over §; are defined as:

Vexq,|ziyi| = max{m;z; + l;y; — lim;, M;x; + L;y; — Ly M;},

) 8
Cavg, [xiy;) = min{ M;x; + Liy; — i M;, mix; + Liy; — Lim;} ®
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Accordingly, in (2), we can calculate the convex envelopes for Cj; = 1 and
concave envelopes for Cy; = —1. Then we can say:

min  f(p,v) = Eie{i:C’iizl} Vexq,[pivi] — Eie{i:C“:—l} Cavg, [pivil,
el a e !
Ly - 0 OV Vv - Uy
is an underestimating problem for (2), whose solution yields a lower bound on the
global minimum of our bilinear decision problem. In (9), the rectangles €2; define
the bounds on p; and v; which are both readily available.

Since solving (9) yields a lower bound on the optimal objective value of (2), if
the algorithm cuts off a pseudo-global optimizer with a polar cut and proceeds to
search for another one in the smaller set, then we can solve the underestimating
problem with the convex and concave envelopes computed over the smaller region
to obtain a tighter bound on all global solutions in the reduced feasible set. If
the algorithm cuts off the global solution and the objective of the underestimating
problem is higher than the current best objective value, then we can stop and use
the current best solution as the global solution. If there are many global optimal
solution points, the objective of the underestimating problem will be smaller than
the global value until all global solution points have been cut off.

If the feasible region has not been exhausted and the underestimating problem
is still giving optimal values lower than the current best solution, then it is always
possible to stop the search procedure early with a known feasible point and a lower
bound on the global optimum. In that case, an error bound will be available to
show how far we are away from global optimality in the worst scenario.

Denote by X the original feasible region or its subset obtained after the intro-

duction of generated polar cuts. The global optimization algorithm for (2) can be
summarized as follows:

ALGORITHM 2:

1. Let the best objective value, obj, be a large positive number, and let an epsilon
tolerance, €, be a prescribed small number.

2. Calculate the lower bound, bound, for X} by using (9).

3. If bound > obj or |bound — obj| < €, or the unexplored feasible region X} at
stage ¢ is empty, terminate with obj as the global minimum.

4. Find a pseudo-global minimizer by using ALGORITHM 1, and update obj if
necessary.

5. If |bound — obj| < €, terminate with obj as the global minimum.

6. Solve m LP problems by using (6) to obtain Xj, and generate the polar cut by
using (7), and introduce it into X¢.

7. increase ¢ to ¢ + 1, go back to 2.
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We do not employ the extreme face finding routine and disjunctive face cuts as in
[22] because they are relatively expensive to calculate. Instead, we take advantage
of ALGORITHM 1 to locate a pseudo-global optimizer. As pointed out in the last
section, ALGORITHM 1 is also time-consuming if it proves necessary to frequently
locate a new local star minimizer. Therefore, it is difficult to determine which
procedure is more efficient from a computational viewpoint. ALGORITHM 2 simply
adds the lower bound computation in order to more quickly identify when a global
optimizer has been found.

5 Numerical Example

In this section, a numerical example will be used to illustrate ALGORITHM 2. The
data for this experiment is randomly generated by Matlab to simulate a real-life
decision situation, [9].

Suppose now we have a decision situation consisting of two alternatives with six

consequences in each alternative. Correspondingly, P = (p11,-..,P16, P21, - - - D2)"
and V = (v11,. .., 016, V21, - - -, U26)". The matrices Cp and Cy are given below:
1 1 1 1 1 1 0 0 0 0 0 0]
0 0 0 0 0 0 1 1 1 1 1 1
o o o O O O 1 o 0 0 -1 o0
Cp = 0 0 0 -1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 -1 0 1 0 0 0
0 0 1 1 0 0 0 -1 0 0 0 -1
0 1 1 1 1 1 1 1 1 0 0 1
0 0 -1 0 0 0 0 0 0 1 0 07
1 0 0 0 -1 0 0 0 0 0 0 0
Oy = o o o O o 1 -1 o0 0 0 0 O
0 0 0o -1 -1 0 0 0 0 0 1 1
o 1 0o O O-1 o0 -1 0 0 1 o0
| —1 0 1 0 0 -1 0 0 1 0 0 0 |

In Cp, each entry represents the coefficient of each variable. For example, the
first and second lines are normalization requirements, > ;c;p; and > ,c;pj, with
respect to each alternative, whereas the third line means ps; — po5, and etc. The
contents in C'y are explained analogously. In practice, the value base does not
contain compound value statements since they lack semantic content.

The bounds Lp, Ly, Up and Uy are listed in Table 1. In addition, each variable
in the P-base is restricted within the interval [0, 1], and each variable in the V-base
is in:
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r01517 [wvn ] [08667 [00837 [ws ] [0.480 ]
0.210 12 0.592 0.018 Vs 0.303
0.080 | _ | vig | _ | 0174 0.780 | _ | vas | _ | 0.848
0277 | = | via | = | 0541 |7 | 0156 | = | wou | = | 0.354
0.740 15 0.791 0.020 Va5 0.152

10340 | | wve ] 10593 ] 10057 ] v | | 0.637]

Cp . Rows Lp UP CV . Rows LV UV

1 1.000 1.000 1 -1.692  1.692
2 1.000 1.000 2 -0.576  0.061
3 -0.437 0.182 3 -0.141  0.510
4 -0.296 0.394 4 -1.182  -0.302
) -0.131 0.313 5 -0.576  0.297
6 -0.543 0.376 6 -0.523  0.456
7 0.773 1.692

Table 1: Data

If we simply use the cutting plane method, the feasible region of the P-base will
be exhausted in four cuts. Nevertheless, the second lower bound information in
Table 2 is enough to guarantee the global optimum; i.e., the stopping rule, bound >
obj, is satisfied in ALGORITHM 2, step 3. Therefore, ALGORITHM 2 terminates
in one iteration; thus, saving the additional computational effort of performing three
more iterations.

Iteration  Objective Value Lower Bound
1 -0.60742032702968 -0.61148735388339
2 -0.54069572061830 -0.54476274747200
3 -0.51501142176621 -0.51907844861991
4 -0.46983913868983 -0.47390616554353

Table 2: An Numerical Example

6 Computational Experience

We launched a number of simulated instances to test ALGORITHM 2. The ex-
periment is performed on a personal computer with Windows 2000, Matlab 6.5 &
Tomlab [24], Pentium-I11 1000 MHz CPU and 512MB memory. The commercial LP
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solver is SQOPT [14] from Systems Optimization Laboratory, Stanford University.
In total, we tested 400 instances consisting of 10 groups, each of them including 40
data sets with the consequences from 11 to 50. If an instance has N consequences,
the corresponding BLP problem contains 4N variables and around 2N constraints.
Consequently, this experiment is trying to solve disjoint BLP problems sized up to
200 variables. Detailed numerical results are shown in Table 3.

C PV VV PC VC Time C PV VV PC VC Time

11 22 22 11 10 20901 |31 62 62 31 30 7.7427
1224 24 14 12 25595 |32 64 64 34 32 13.3900
13 26 26 14 12 3.8995 |33 66 66 34 32 88322
14 28 28 15 14 2.0418 |34 68 68 35 34 11.1826
15 30 30 15 14 23370 |35 70 70 35 34 12.1919
16 32 32 18 16 54044 |36 72 72 38 36 12.6346
17 34 34 18 16 3.8734 |37 74 74 38 36 15.7232
18 36 36 19 18 4.6272 |38 76 76 39 38 12.4650
19 38 38 19 18 4.0508 |39 78 78 39 38 18.9598
20 40 40 22 20 79871 |40 80 80 42 40 20.8625
21 42 42 22 20 5.0642 |41 82 82 42 40 16.7570
22 44 44 23 22 59443 |42 84 84 43 42 12.0811
23 46 46 23 22 71294 (43 86 86 43 42 19.5244
24 48 48 26 24 55255 |44 88 88 46 44 17.6758
25 50 50 26 24 59522 |45 90 90 46 44 25.3698
26 52 52 27 26 6.8825 |46 92 92 47 46 22.2200
27 54 54 27 26 81232 |47 94 94 47 46 30.8439
28 56 56 30 28 109514 |48 96 96 50 48 19.9436
29 58 58 30 28 7.5786 |49 98 98 50 48 20.9942
30 60 60 31 30 9.8275 |50 100 100 51 50 19.3494

e (' represents the number of consequences;

e P, = V4, represent the number of variables in P-base and V-base;

e P = Vi represent the number of constraints in P-base and V-base;
e T'ime is the average CPU time in seconds.

Table 3: Detailed Results

As for the worst case, the global optimum might not be found until we cut off all
pseudo-global optimizers, and the lower bound information becomes useless. This
will make ALGORITHM 2 no different from a pure cutting plane approach. The
indefinite QP is a type of very difficult problem because it was demonstrated that
the indefinite QP is NP-hard even with only one negative eigenvalue, [17]. However,
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according to the computational results obtained, we observed that they overall are
quite encouraging. Most of the problems are solved within the first three iterations
and the lower bound information obtained from (9) actually takes effects.

7 Further Research

For ALGORITHM 2 presented in this paper, some additional research directions are
suggested. In calculating a tight lower bound, other approaches exist. For example,
LINGO can generate a very tight lower bound (often it is the global optimum)
even though its best objective value always remains far from the lower bound for
a very long period. The Reformulation Linearization Technique (RLT) in [20, 21]
is also a promising method in the sense that RLT can generate feasible points as
well as lower bounds for BLP problems. Moreover, it has been proved that its
lower bounds are at least as good as those generated by [1, 2]. However, the main
drawback is that the amount of work required to construct the necessary matrix
increases very rapidly as the number of variables and constraints grow due to the
combinatorial number of cross products that must be considered. Therefore, RLT is
not particularly attractive for our BLP problem which contains so many lower and
upper bounds, although it would be interesting to test its relative merits for different
problem sizes. A worthwhile direction would be to search for a tighter lower bound,
than the one proposed herein, that is relatively inexpensive to compute.

The BLP problem in DELTA is very special; i.e., it only includes x;y;, which
makes the matrix C' in (3) simply possess diagonal entries with +1 and —1. However,
as shown in [2], it is also possible to handle the case where the diagonal entries are
arbitrary real numbers, thus creating weighted utility objective functions.

Suppose b € R"™ and let B = diag(b). Then the convex envelope of B is:

Vewq, [biziyi] = max{b;p; (xiy), bip? (xiyi) },
where
1 m;x; + Ly, —lym;  if by >0
i (xlyz) - { M;x; + liyi —LM; if b; <0’ (10)

2 () = M;x; + Liy; — LiM; if b; >0
vt = m;x; + Liy; — Lim; if b; <0

Moreover, the convex envelope of x;y; can also be extended to x;y; where i # j,
and thereby underestimate arbitrary bilinear objective functions.
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Topology Optimization of Navier—Stokes
Equations

Anton Evgrafov
Chalmers University of Technology, Gdteborg, SE-412 80, Sweden

We consider the problem of optimal design of flow domains for
Navier—Stokes flows in order to minimize a given performance functional.
We attack the problem using topology optimization techniques, or con-
trol in coefficients, which are widely known in structural optimization of
solid structures for their flexibility, generality, and yet ease of use and
integration with existing FEM software. Topology optimization rapidly
finds its way into other areas of optimal design, yet until recently it has
not been applied to problems in fluid mechanics. The success of topology
optimization methods for the minimal drag design of domains for Stokes
fluids has lead to attempts to use the same optimization model for de-
signing domains for incompressible Navier—Stokes flows. We show that
the optimal control problem obtained as a result of such a straightfor-
ward generalization is ill-posed, at least if attacked by the direct method
of calculus of variations. We illustrate the two key difficulties with sim-
ple numerical examples and propose changes in the optimization model
that allow us to overcome these difficulties. Namely, to deal with impen-
etrable inner walls that may appear in the flow domain we slightly relax
the incompressibility constraint as typically done in penalty methods for
solving the incompressible Navier—Stokes equations. In addition, to pre-
vent discontinuous changes in the flow due to very small impenetrable
parts of the domain that may disappear, we consider so-called filtered
designs, that has become a “classic” tool in the topology optimization
toolbox. Technically, however, our use of filters differs significantly from
their use in the structural optimization problems in solid mechanics, ow-
ing to the very unlike design parametrizations in the two models. We
rigorously establish the well-posedness of the proposed model and then
discuss related computational issues.

I. Introduction

HE optimal control of fluid flows has long been receiving considerable attention by
Tengineers and mathematicians, owing to its importance in many applications involv-
ing fluid related technology."* According to a well-established classification in structural
optimization (see Ref. 3, page 1), the absolute majority of works dealing with optimal
design of flow domains fall into the category of shape optimization. (See the bibliograph-
ical notes [2] in Ref. 3 for classic references in shape optimization.) In the framework
of shape optimization, the optimization problem formulation can be stated as follows:
choose a flow domain out of some family so as to maximize an associated performance
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functional. The family of domains considered may be as rich as that of all open subsets
of a given set satisfying some regularity criterion,” or as poor as the ones obtained from a
given domain by locally perturbing some part of the boundary in a Lipschitz manner.”" "
Unfortunately, it is typically only the problems in the latter group that can be attacked
numerically. On the other hand, topology optimization (or, control in coefficients) tech-
niques are known for their flexibility in describing the domains of arbitrary complexity
(e.g., the number of connected components need not to be bounded), and at the same time
require relatively moderate efforts from the computational part. In particular, one may
completely avoid remeshing the domain as the optimization algorithm advances, which
eases the integration with existing FEM codes, and simplifies and speeds up sensitivity
analysis.

While the field of topology optimization is very well established for optimal design
of solids and structures, surprisingly little work has been done for optimal design of
fluid domains. Borrvall and Petersson® considered the optimal design of flow domains
for minimizing the total power of the incompressible Stokes flows, using inhomogeneous
porous materials with a spatially varying Darcy permeability tensor, under a constraint on
the total volume of fluid in the control region. Later, this approach has been generalized
to include both limiting cases of the porous materials, i.e., pure solid and pure flow
regions have been allowed to appear in the design domain as a result of the optimization
procedure.” (We also cite the work of Klarbring et al.,'” which however studies the
problem of optimal design of flow networks, where design and state variables reside in
finite-dimensional spaces; in some sense this is an analogue of truss design problems if one
can carry over the terminology and ideas from the area of optimal design of structures
and solids.)

Unfortuntely, applications of the Stokes flows are rather limited, while the Navier—
Stokes equations are now regarded as the universal basis of fluid mechanics.'" Therefore, it
has been suggested that the optimization model proposed in Ref. 8 (with straightforward
modifications), in particular the same design parametrization should be used for the
topology optimization of the incompressible Navier—Stokes equations.'” Essentially, in
this model we control the Brinkman-type equations including the nonlinear convection
term'? (which will be referred to as nonlinear Brinkman equations in the sequel) by
varying a coefficient before the zeroth order velocity term. Setting the control coefficient
to zero is supposed to recover the Navier—Stokes equations; at the same time, infinite
values of the coefficient are supposed to model the impenetrable inner walls in the domain.
In Section IIT we illustrate the difficulties inherent in this approach, namely that the
design-to-flow mapping is not closed, leading to ill-posed control problems.

It turns out that if we employ the idea of filter'""> (which has become quite a stan-
dard technique in topology optimization, see Refs. 16,17 for the rigorous mathematical
treatment) in addition to relaxing the incompressibility constraint (which is unique to the
topology optimization of fluids) we can establish the continuity of the resulting design-
to-flow mapping, and therefore the existence of optimal designs for a great variety of
design functionals; this is discussed in Section IV. Not going into details yet, we com-
ment that our use of filters significantly differs from the traditional one in the topology
optimization. Namely, not only do we use filters to forbid small features from appearing
in our designs and thus to transform weak(-er) design convergence into a strong(-er) one
(cf. Proposition 5), but also to verify certain growth conditions near impenetrable walls
[see inequality (4)], which later guarantees the embedding of certain weighted Sobolev
spaces into classic ones and finally allows us to prove the continuity of design-to-flow map-
pings in Section V. The existence of optimal designs, formally established in Section VI,
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is an easy corollary of the continuity of the design-to-flow mappings.

Some computational techniques are introduced in Section VII. Namely, we discuss a
standard topic of approximating the topology optimization problems with so-called sizing
optimization problems (also known as “s-perturbation”), which in our case reduces to
approximation of the impenetrable walls with materials of very low permeability, and
then we touch upon techniques aimed at reducing the amount of porous material in the
optimal design. We conclude the paper by discussing possible extensions of the presented
results, open questions, and further research topics in Section VIII.

II. Prerequisites

A. Notation

Let Q be a connected bounded domain of R% d € {2,3} with a Lipschitz continuous
boundary I'. In this domain we would like to control the nonlinear Brinkman equations'”
with the prescribed flow velocities g on the boundary, and forces f acting in the domain
by adjusting the inverse permeability « of the medium occupying €2, which depends on
the control function p:

—vAu+u-Vu+a(p)u+ Vp=f, 0
m
divu=0 [’ ’

(1)

u=g, on I

In the system (1), w is the flow velocity, p is the pressure, and v is the kinematic vis-
cosity. Of course, owing to the incompressibility of u, the function g must satisfy the

compatibility condition
/ g-n=70, (2)
r

where n denotes the outward unit normal. If a(p(x)) = 400 for some x € €, we simply
require u(x) = 0 in the first equation of the system (1).
Our control set H is defined as follows:

H={pel™(@)0<p< Lac [ p<si0l),
Q

where 0 < v < 1 is the maximal volume fraction that can be occupied by the fluid. Every
element p € H describes the scaled Darcy permeability tensor of the medium at a given
point & €  in the following (informal) way: p(x) = 0 corresponds to zero permeability
at « (i.e., solid, which does not permit any flow at a given point), while p(x) = 1
corresponds to infinite permeability (i.e., 100% flow region; no structural material is
present). Formally, we relate the permeability a~! to p using a convex, decreasing, and
nonnegative function™’ « : [0,1] — R, U {400}, defined as

alp)=p~t — 1L

In the rest of the paper we will use the symbol x4 for A C Q to denote the charac-
teristic function of A: ya(x) =1 for & € A; xa(x) = 0 otherwise.

B. Variational formulation

To state the problem in a more analytically suitable way and to incorporate the special
case o = 400 into the first equation of the system (1), we introduce a weak formulation
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of the equations. Let us consider the sets of admissible flow velocities:

U={veH(Q) |v=g onT},
Ugiv ={v €U | dive = 0, weakly in 2 }.

Let J¢ : U — R denote the potential power of the viscous flow:

JS(U)Zg/QVu-Vu—/Qf-u.

Let us further define the additional power dissipation J? : H x U — R U {+oc}, due to
the presence of the porous medium (we use the standard convention 0 - +o00 = 0):

T(p.w) =5 [ alpu-u
2 Ja

Finally, let J(p,u) = J°(u) + JP(p,u) denote the total power of the Brinkman flow.
Then, the requirement “a(p) = +oo0 = u = 07 is automatically satisfied if J7(p,u) <
+00.

We will use epi-convergence of optimization problems as a main theoretical tool in
the subsequent analysis, thus it is natural to study the following variational formulation”
for Darcy-Stokes flows [i.e., obtained by neglecting the convection term w - Vu in the

system (1)]: for £ € L?(Q), compatible g € HY2(T"), and p € H, find u € Uy, such that

u € argmin J (p, v).
veEUgiv
Naturally, taking convection into account, this can be generalized to the following fixed
point-type formulation of the system (1): for f € L*(Q), compatible g € H'?(T'), and
p € H find u € Uy, such that

u € argmin { J(p,v) +/

veudiv Q

(u-Vu)-'v}. (3)

III. Problems with the existing approach

When we allow impenetrable walls to appear and to disappear in the design domain,
we create two particular types of difficulties, each related to a corresponding change in
topology (see Subsections A and B). We note that in the “sizing” case, which can be
modeled by introducing an additional design constraint p > ¢, a.e. in {2 (for some small
e > 0) these difficulties do not appear. (In fact, it is an easy exercise to verify that
under such circumstances the design-to-flow mapping is closed w.r.t. strong convergence
of designs, e.g., in L'(€2), and H*(2)-weak convergence of flows.) Such a distinct behavior
of the sizing and topology optimization problems may indicate that the former is not a
useful approximation of the latter in this case.

A. Disappearing walls

For the sake of simplicity, in this subsection we assume that the objective functional in our
control problem (which is not formally stated yet) is the power J of the incompressible
Navier—Stokes flow. This functional is interesting from at least two points of view. Firstly,
in many cases the resulting control problem is equivalent to the minimization of the drag
force or pressure drop, which is very important in engineering applications.” Secondly,
while it is intuitively clear that impenetrable inner walls of vanishing thickness change
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Figure 1. Flow domain for the backstep flow.

the flow in a discontinuous way, for the Stokes flows the total potential power is lower
semi-continuous w.r.t. such changes, which allows us to apply the Weierstrass theorem
and ensure the existence of optimal designs (see Theorem 3.3 in Ref. 9). In this subsection
we consider two examples illustrating the discontinuity of the flow as well as non-lower
semicontinuity of the power functional in the case of the incompressible Navier—Stokes
equations; this means that the corresponding control problem of minimizing the potential
power is ill-posed, at least from the point of view of the direct method of calculus of
variations.

Example 1 (Infinitely thin wall). We consider a variant of the backstep flow with
v = 1.0 - 107 (which corresponds to the Reynolds number Re = 1000), as shown in
Fig. 1. We specify w on the inflow boundary to be (0.25— (y —0.5)%,0.0)%, on the outflow
boundary we require u, = 0 as well as p = 0; on the rest of the boundary the no-slip
condition w = 0 is assumed. We consider a sequence of the domains containing a thin but
impenetrable wall of vanishing thickness (as shown in Fig. 1 by dashed line). The limiting
domain is the usual backstep shown with the solid line. Direct numerical computation in
Femlab (see Fig. 2 showing the flows) shows that for the domains with thin wall we have
J =~ 0.8018, while for the limiting domain J ~ 0.8263. This demonstrates the non-lower
semicontinuity of the total power functional in the case of incompressible Navier—Stokes
equations.

We note that while the “jump” of the power functional may seem negligible in this
example, other examples may be constructed where this jump is much bigger.

It may be argued that in the example above the thin wall may be substituted by the
complete filling of the resulting isolated subdomain with impenetrable material, and the
following example is more peculiar and demonstrates that we can control the behavior
of the Navier—Stokes flow with an infinitesimal amount of material. It is interesting to
note that the example is based on the construction of Allaire,"’ which in some sense is
“opposite” to our design parametrization. Namely, we try to control the Navier—Stokes
equations by adjusting the coefficients in the nonlinear Brinkman equations, while the
sequence of perforated domains considered in Example 2 has been used to obtain the
nonlinear Brinkman equations starting from the Navier—-Stokes equations in a periodically
perforated domain as a result of the homogenization process.

Example 2 (Perforated domains with tiny holes). We assume that the boundary
[ is smooth and impenetrable (i.e., the homogeneous boundary conditions g = 0 hold),
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Figure 2. Backstep flow: Example 1. (a), (b): 2- and y-components, respectively, of the flow
velocity when the impenetrable wall has arbitrary but positive thickness (only the part of
the domain with nontrivial flow is shown); (c¢), (d): 2- and y-components, respectively, of
the flow velocity as the impenetrable wall disappears. Note the different color scales.

and that the viscosity v is large enough relatively to the force f to guarantee the existence
of a unique solution to the Navier-Stokes system in 2. Let 2° denote a perforated
domain, obtained from 2 by taking out spheres of radius r4(¢) with centers eZ¢, where
lim. ., grq(e)/e = 0; see Fig. 3. Let (u",p°) denote a solution to the Navier-Stokes
problem inside Q¢ with homogeneous boundary conditions u° = 0 on 9Q°. We extend
u° onto the whole Q by setting it to zero inside each sphere; we further denote by u®
this extended solution. For every small ¢ > 0 it holds that u® solves the problem (3)
for p° = xq-. Allaire’” has shown that depending on the limit C' = lim._,,or4(g)/e* for
d=3,or C =lim._, o —c%log(ry(e)) for d = 2, there are three limiting cases:
C = 0: {u?} converges strongly in H'(§) towards the solution to the Navier—
Stokes problem in the unperforated domain €, i.e., the solution to the
problem (3) corresponding to p =1 (see Theorem 3.4.4 in Ref. 18);
C = +oo: {u°} converges towards 0 strongly in H'(Q) (in fact, there is more infor-
mation about {u°} available, see Theorem 3.4.4 in Ref. 18);
0 < C < +oo: {uf} converges weakly in H'(f2) towards the solution to the nonlinear
Brinkman problem in the unperforated domain 2, i.e., the solution of
the problem (3) corresponding to p = o, for a computable constant
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Figure 3. The perforated domain (a) and a periodic cell (b).

o(d,v,C) > 0 (see Main Theorem in Ref. 13).

We note that in all three cases the sequence of designs {pf} strongly converges to zero in
L'(Q), while only in the case C' = 0 the corresponding sequence of flows converges to the
“correct” flow. As for the other two cases, we can either completely stop (C' = +00) or
just slow (0 < C' < +00) the flow using only infinitesimal amounts of structural material
(recall that r4(e)/e — +0). Moreover, the sequence of perimeters of p° converges to zero,
and therefore the perimeter constraint cannot enforce the convergence of flows in this case
(contrary to the situation in linear elasticity, see p. 31 in Ref. 3). In the same spirit, the
regularized intermediate density control method considered by Borrvall and Petersson'’
classifies the designs p° as regular for all enough small £ > 0 (since they are indeed close
to a regular design p = 0 in the strong topology of LF(Q2), 1 < p < o00); thus the latter
method also fails to recognize the pathological cases illustrated in the present example.

B. Appearing walls

Walls that appear in the domain as a result of the optimization process may break the
connectivity of the flow domain (or some parts of it), so that the incompressible Navier—
Stokes system may not admit any solutions in the limiting domain (resp., some parts of
it). While obtaining such results may seem to be a failure of the optimization procedure,
completely stopping the flow might be interesting (or even optimal) with respect to some
engineering design functionals.

The following example is purely artificial and its only purpose is to demonstrate
the possible non-closedness of the design-to-flow mapping when new walls appear in the
domain. It essentially repeats Example 2.1 in Ref. 9, but we include it here for convenience
of the reader.

Example 3 (Domain with diminishing permeability). Let Q = (0,1)% g = (1,0),
and f = 0. Let further p, =1/kin Q, k=1,2,..., p=0in Q, so that p, — p, strongly
in L>=(Q) as k — oo. Then, u = (1,0)" is a solution of the problem (3) for all k = 1,2,...;
clearly, (pr,u) — (p,u), strongly in L>=(Q) x H'(€). At the same time, it is not difficult
to verify that the problem (3) has no solutions for the limiting design p, which means that
the design-to-flow mapping is not closed even in the strong topology of L>(€Q) x H()!

The problem related to the appearence of walls completely stopping the flow in some
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domains has been solved for Stokes flows by (implicitly) introducing an additional con-
straint 7 (p,u) < C, for a suitable constant C. Owing to the coercivity of J on H}(f),
this keeps the flows in some bounded set. However, in view of the non-lower semiconti-
nuity of the power functional for the Navier—Stokes flows (see Example 1), this set is not
necessarily closed, making the problems with appearing walls much more severe in the
present case.

We consider the next example in some detail, even though it is quite similar to the
previous one, because we will return to it later in Subsection B of Section IV.

Example 4 (Channel with a porous wall). We consider a channel flow at Reynolds
number Re = 1000 (v = 1.0-1073) through a wall made of porous material with vanishing
permeability appearing in the middle of the channel (see Fig. 4). We specify u on the

no-slip y
1
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z 9 | %2 % 3
ke S 1 =
= (@)
£ = 3
o
| s X
-1 -25 |0 .25 1

slip (symmetry)
Figure 4. Flow domain of Example 4.

inflow boundary to be (1 — 42, 0.0)", on the outflow boundary we require u, = 0 as well
as p = 0; on the rest of the boundary the no-slip condition w = 0 is assumed except that
on the “lower” edge we have slip (i.e., only u, = 0) due to the symmetry.

We choose p so that a(p) = 0 on ;U3 and a(p) = a on 2y, where a assumes values
1.0, 1.0 - 102, 1.0 - 10*, +00. The corresponding flows (calculated in Femlab) are shown
in Fig. 5; the incompressible Navier—Stokes problem in the last (limiting as o — +00)
domain admits no solutions.

To summarize, even though the sequence of designs p, — Xxq,uq,, strongly in L>(Q),
the corresponding sequence of flows does not converge to the flow corresponding to the
limiting design, simply because the latter does not exist.

IV. Proposed solutions to the difficulties outlined

Difficulties inherent in the straightforward generalization of the methodology pro-
posed by Borrvall and Petersson” for Stokes flows to incompressible Navier—Stokes flows
have been outlined in Section III. One possible solution, which allows us to avoid these
difficulties, is simply to forbid topological changes and to perform sizing optimization,
interpreting optimal designs as distributions of porous materials with spatially varying
permeability.'>'%?Y As it has already been mentioned the resulting designs may or may
not accurately describe the domains obtained by substituting the materials with high
permeability by void, and those with low permeability by impenetrable walls. Further-
more, if we decide to keep the porous material, it is questionable whether such designs
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Figure 5. Incompressible flow through the porous wall: (a) o = 1.0, (b) a = 1.0- 102, (c)
a=1.0-10% (d) a = +oo.

can be easily manufactured and thus it is unclear whether they are “better” from the
engineering point of view. Thus we do not employ this approach but instead try to
slightly modify the design parametrization as well as the underlying state equations with
the ultimate goal to rigorously obtain a closed design-to-flow mapping while maintaining
a clear engineering/physical meaning of our optimization model.

A. Filters in the topology optimization

In both examples in Subsection A of Section III we constructed the sequences of designs
having very small details, which disappear in the limit. Using the notion of a filter'" '
we can control the minimal scale of our designs; we will employ this technique, which has
become quite standard in topology optimization of linearly elastic materials.”

Following Bourdin,'® and Bruns and Tortorelli,'” we define a filter F : RY — R of
characteristic radius R > 0 to be a function verifying the following properties:

Fec C’O’l(Rd), supp F' € Bg, supp F' is convex,

F >0 in Bp, /F:l,
Br

where Br denotes the open ball of radius R centered in origo. We denote the convolution
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product by a * sign, i.e.
(Fsp)(a@) = [ Fla—y)oi)dy.

Owing to the Lipschitz continuity of F', F' % p is a continuous function.

In order to compute the convolution between the filter and a given design p the latter
must be defined not only on €2, but also on the whole space R?. Therefore, in the sequel
we consider the following redefined design domain:

H={pe L*RNNL'(RY)]0<p<1ae in Rd,/ p<V},
Rd
for a given V' > 0.
One of the consequences of the fact that F is Lipschitz continuous in R? and not just
in Bp is that the following important growth condition is verified:

(F' % Xga\supp 1) (®) < Cl]?, (4)
as |x| — 0, for some appropriate constant C' > 0, which implies that a((F * p)(-)) grows
at least as fast as dist™*(-, { ' p = 0}) arbitrarily near to impenetrable walls. It is this
condition that is the key ingredient in the proof of closedness theorems.

For notational convenience we set J(p,u) = J(F x p,u). As a consequence of the
introduction of the filter, we can demonstrate the following simple claim, which translated
to normal language says that impenetrable walls cannot disappear in the limit. In the
following Proposition, Lim sup is understood in the sense of Painlevé-Kuratowski.

Proposition 5. Consider an arbitrary sequence of designs {pr} C H, such that pr, — p,
weakly in Li (RY), for some p € H. Define a sequence {Qf} of subsets of Q as

loc
QG ={x Q| (Fxp)x)=0}
OF = {@ € Q| (Fxp)w)=0}.
Then, Limsup,_,.. QF C Q° UT.

Remark 6. The convergence of flow domains © \ Q& induced by the weak convergence
of designs (which implies strong convergence of filtered designs) can be compared to the
convergence of domains in some topology defined for set convergence, e.g., the comple-
mentary Hausdorff topology. It is known, in general, that the latter topology is weaker
(see, e.g., [21, Section 2.6.2]). However, such a comparison is not quite fair in the present
situation, where the domains we deal with can be rather irregular (e.g., lie on two sides of
their boundaries), and, more importantly, the domains in the sequence may have different
connectivity compared to the “limiting” domain.

Later we will see that we need even stronger convergence of QF — Q5° to obtain
closedness of the design-to-flow mappings.

The use of filtered designs F'« p in place of p in the problem (3) allows us to overcome
the difficulties caused by disappearing walls. While we delay the formal statement of this
fact until Section V, at this point we can consider an example that illustrates the effect
of using filters.

Example 7 (Example 2 revisited). Consider an arbitrary filter F' and a sequence of
designs {p.} defined in Example 2. Let for every £ > 0 extend the definition of p. (that
has been defined only on 2) by setting p.(x) = 1 for all € (Q + supp F') \ €2, and
pe(z) = 0 for all x € R?\ (Q +supp F). Then, F % p. — 1 as € — +0, uniformly in cl Q,
and the corresponding sequence of flows converges to a pure Navier—Stokes flow in the
domain 2 (case C'= 0 in Example 2).
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B. Slightly compressible fluids

While it seems difficult to imagine a reasonable cure for Example 3, because the limiting
flow must be zero on €2 with nonzero trace on I', we can at least try to get a closed
design-to-flow mapping if impenetrable walls do not appear too close to the boundary
with non-homogeneous Dirichlet conditions on velocity, as in Example 4. The difficulty
in the latter example is that in our model the porous wall does not stop, or slow, the
incompressible fluid while we use material with positive permeability. At the same time,
the limiting domain does not permit any incompressible flow through it, because it is not
connected.

We can solve this problem by relaxing the incompressibility requirement divu = 0 in
the system (1) [of course, we do not need to require the compatibility condition (2) in this
case]. For example, we may assume that the fluid is slightly compressible, i.e., choose a
small 6 > 0 and let divu + dp = 0. In fact, it is known that for a fixed domain admitting
an incompressible flow, the difference between the regular incompressible and slightly
compressible flows is of order 9, i.e., we change model only slightly if § is small enough.
The slightly compressible Navier—Stokes equations are often used as approximations of
incompressible ones in so-called penalty algorithms (see Chapter 5 in Ref. 22). On the
other hand, with the gained maturity of mixed finite element methods, the incompressible
system can be equally well solved to approximate the behavior of slightly compressible
fluids.””

Whether one considers slightly compressible Navier—Stokes fluids to be the most suit-
able mathematical model of the underlying physical flow (see Remark 9) or just an accu-
rate approximation of the incompressible Navier—Stokes equations, we make an assump-
tion of slight compressibility because it allows us to achieve the ultimate goal of this paper:
to obtain a closed design-to-flow mapping. Again, delaying the precise formulations until
Section V, we revisit Example 4 to illustrate our point.

Example 8 (Example 4 revisited). We choose § = 1.0 - 1073 and resolve the flow
problem of Example 4 for @ € {1.0,1.0 - 10?,1.0 - 10%, +00 }. The corresponding flows
(calculated in Femlab) are shown in Fig. 6; in contrast with the incompressible Navier—
Stokes case we can see the convergence of flows as domains converge (i.e., as « increases)
to a limiting flow, which exists in the compressible case. Note that for small values of «
and 0 the incompressible and the slightly compressible flows look similar.

Remark 9. It is known that the pseudo-constitutive relation divu + dp = 0 lacks an
adequate physical interpretation for many important physical flows.”" In particular, there
is no physical pressure field compatible with the flow shown in Fig. 6 (d). On the other
hand, the pseudo-constitutive relation resulting from the penalty method can still be used
as a mathematical method of generating flows approximating those of incompressible
viscous fluids. Moreover, the idea of relaxing the incompressibility contraint may also
be useful for topology optimization in fluid dynamics, where the corresponding relation
divu + ddp/dt = 0 is known to be physical.

V. Continuity of the design-to-flow mapping

A. Stokes flows

We start by showing the closedness of the design-to-flow mapping for slightly compress-
ible Stokes flows with homogeneous boundary conditions, and then show the necessary
modifications for the inhomogeneous boundary conditions. For the compressible Stokes
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Figure 6. Compressible flow through the porous wall: (a) a = 1.0, (b) a = 1.0 -10%, (c)
a=1.0-10% (d) @ = +co. Compare with Fig. 5.

system the variational formulation is as follows. Given p € H, find the solution to the
following minimization problem:

min{jF(p,'v) + (25)1/

vel [¢)

(div v)2}. (5)

We note that in the case of homogeneous boundary conditions we have U = H} ().

Remark 10. Since the condition divu = 0 is violated, we should replace the term
Jo IVul? in the definition of J° with [, |E(u)?, where E(u) = (Vu + Vu')/2 is the
linearized rate of strain tensor (see Section 4.3 in Ref. 22). However, both quadratic forms
give rise to equivalent norms on H} () and thus do not affect our theoretical developments
in any way. Therefore, we choose to keep the definition of J° for notational simplicity.

In fact, one can go one step further and replace the term [, |Vu|* with [, P(|E(u)]),
where P is a positive convex function verifying certain growth assumptions, thus including
non-Newtonian flows into the discussion (see Chapters 3 and 4 in Ref. 25). For some
functionals this will not affect the discussion, while for others (e.g., Prandtl-Eyring fluids)
we must reconsider the very basic problem statements [such as the Eq. (5)]. Therefore,
in this paper we consider Newtonian fluids only (that is, the case P(z) = 2?) and discuss
possible extensions in Section VIII.
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Proposition 11. For every design p € H the optimization problem (5) has a unique
solution v € HY(Q) whenever its objective functional is proper w.r.t. U, in particular if
U=HN).

Now we are ready to state the main theorem of this section, which establishes the
continuity of the design-to-flow mapping in the case of Stokes flow with homogeneous
boundary conditions.

Theorem 12. Consider a sequence of designs {px} C H and the corresponding sequence
of flows {uy,} C HYQ), k = 1,2,... (i.e., uy solves the problem (5) for p;). Assume
that py — po, strongly in L*(Q + Bg), and uj, — wug, weakly in H}(Q). Then, ug is the
flow corresponding to the limiting design pq.

Remark 13. Theorem 12 shows the epi-convergence of the objective functionals of the
p-parametric optimization problem (5) as the parameters strongly converge in L'(Q2+ Bg).

Remark 14. We use strong convergence on the space of designs in order to guarantee
the Lipschitz continuity of the family of walls {x € Q | (F % px)(x) = 0}, parametrized
by k € N, which is a stronger property than upper-semicontinuity (cf. Proposition 5).
We need Lipschitz continuity to prove Theorem 12.

In the case of non-homogeneous boundary conditions, the result is essentially the
same provided we can keep the walls away from the regions of the boundary where
injection/suction of the fluid is performed; see Subsection B of Section III and Example 3
for motivations.

Theorem 15. Consider a sequence of designs {pr} C H and the corresponding sequence
of flows {ux} C U, k =1,2,... (i.e., ug solves the problem (5) for py). Assume that
pr — po, strongly in L*(2 + Bg), and u;, — wug, weakly in H'()). Further assume that
for some positive constants €, T it holds that

inf{ (F*xpg)(x) | ke Nyxe € QN (suppg+ B:) } > 7. (6)

Then, ug is the flow, corresponding to the limiting design py (i.e., wg solves the prob-
lem (5) for po).

Remark 16. We note that the condition (6) is automatically verified for Stokes problems
with homogeneous boundary conditions, because the infimum is taken over the empty set
in this case (suppg = 0).

B. Navier—Stokes flows

In the case of the Navier—Stokes equations things get much more complicated, because we
do not seek a minimizer of some functional anymore, and we cannot apply epi-convergence
results directly. Nevertheless, we can utilize them to show the closedness of the design-
to-flow mappings even in the Navier—Stokes case.

We introduce a general fixed-point framework related to the optimization problem (5),
and then show (at least for the case of homogeneous boundary conditions) that the slightly
compressible Navier-Stokes equations can be considered in this framework.

Let A(u,v) : U xU — R be a weakly continuous functional, and consider the problem
of finding a fixed point of the point-to-set mapping 7, : U = U defined for p € H as

73(w) = awguin { 7 () + 20 |

veld Q

(dive)? + A(u, v)} (7)
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Theorem 17. Consider a sequence of designs {px} C H and the corresponding sequence
of fired points {up} C U, k = 1,2,... (i.e., uy € T, (uy) for T, defined by Eq. (7)).
Assume that py, — po, strongly in L*(Q+Bgr), ux — wug, weakly in H(Q), and T (ug) # 0.
Further assume that for some positive constants e, T the condition (6) is satisfied. Then,
uy € T,y (uo).

Remark 18. In fact, weak continuity of A(w,v) is unnecessarily strong requirement.
We can prove Theorem 17 under the following weaker assumptions on A:
(i) A(u,u) < liminf, . A(ug, u;) whenever u, — u, weakly in U; and
(17) A(u,v) > limsup,_, . A(ug, v) whenever u, — u, weakly in U, and v, — wv,
strongly in U.

As an example application of Theorem 17, we consider a particular penalty formu-
lation of the incompressible Navier-Stokes equations with homogeneous boundary con-
ditions studied in Ref. 26. A more general treatment is of course possible, including
inhomogeneous boundary conditions and variants of slightly compressible Navier-Stokes
equations; the main difference is in the number of technical details to be covered.

To put the penalty formulation considered in Ref. 26 (of course, without the control
term «) into the fixed-point framework we define

A(u,v) :/Q(u-V'u,)-'v%—Q_l/ﬂ(u-'v) div u. (8)

We note that the last integral adds an additional stability to the penalty algorithm”® and
identically equals zero in the incompressible case; we can thus expect that the effects of its
presence can be almost neglected in the slightly compressible case. Owing to Lemma 2.7
in Ref. 26, the functional A defined in Eq. (8) is weakly continuous on H}(Q) x H} (),
and in order to apply Theorem 17 it remains to establish an analogue of Proposition 11.

Proposition 19. With U = H}(Q2) and A defined in Eq. (8), the fized-point problem
associated with the operator T,(u) given in Eq. (7) admits solutions for every p € H.

Remark 20. While the mapping (p, w) — T),(u) is in many cases single-valued for every
pair (p,u), there might be more than one solution to the fixed point problem associated
with this operator. In other words, we do not assume that the compressible Navier-Stokes
system admits a unique solution.

Remark 21. We can use another popular weak formulation of slightly compressible
Navier—Stokes equations,”’ identifying

A(’u,,'v):%</ﬂ(u-Vu)-v—/ﬂ(u-Vv)-u).

Our results hold even in this case without any changes.

Remark 22. Of course, the fixed-point framework is not bounded to Navier—Stokes
equations. For example, putting, for some 1y € R?,

Alu,v) = /(uo -Vu) - v,
Q
we can show continuity results for Oseen flows. This type of flow is probably not very

interesting in bounded domains €2, but illustrates the possible uses of the fixed-point
formulation. Finally, we note that setting A = 0 we recover the original Stokes problem.
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V1. Existence of optimal solutions

A. Ensuring strong convergence of designs and condition (6)

The results established in Section V all require strong convergence of designs in L*(2 +
Bgr). In order to guarantee convergence we need to embed our controls H into some
space that is more regular than L>®°(RY) N L'(R%). The most appropriate choice, in
our opinion, is the space SBV (R?), which is typically used for perimeter constrained
topology optimization (see p. 31 in Ref. 3 and references therein). Other choices are
possible, including W (R4)N L>*(RY) (that is, imposing “slope constraints” on the design
space’”). Bounds on the perimeter, or slope, may be introduced into the problem directly
as constraints, or added as penalties to the objective function.

Regardless of the particular method used, we get the required property: pp — p,
weakly in H, implies pp — p, strongly in L'(Q + Bg), allowing us to establish the
closedness of the design-to-flow mappings.

As for the condition (6), it can be easily verified if we require in addition that every
design p € H, satisfying the bounds 0 < p < 1, a.e. on R?, also satisfies p > 7, a.e. on
supp g + Bgr.., for some positive constants ¢, 7.

B. An abstract flow topology optimization problem

Now we are ready to formally discuss the well-posedness of an abstract flow topology
optimization problem:
min F(p, u),

(pyu)

. (p,u) € Z, (9)
o w e T)(u).

The previous results imply the following theorem.

Theorem 23. Let Z be a nonempty weakly compact subset of HxU C SBV (RY)x H(Q),
and let for all p € H the assumption (6) be verified (see the discussion in Subsection A ).
We also assume that A [which defines the mapping T, via Eq. (7)] enjoys the conditions
of Remark 18, and that for every p € 'H the fized-point problem associated with T, admits
solutions. Finally, let F : SBV(R?) x HY(Q) — R be weakly lower semi-continuous.
Then, there exists at least one optimal solution to the abstract flow topology optimization
problem (9).

Remark 24. If the assumptions of Theorem 23 about the flow model are satisfied, we
may set

ZZ{(ﬂ,U)GZ@XUlg(p,’U,)SO},

where Zj is a nonempty weakly compact subset of H C SBV (R?Y) verifying condition (6),
G(p,u) is an arbitrary weakly ls.c. functional, which is in addition coercive in w, uni-
formly w.r.t. p, and C' € R is an arbitrary constant but such that Z # ().

In particular, we may set G = J, or G = JF (see Lemma 3.2 in Ref. 9).

At last, we note that assumptions of Theorem 23 about the solvability of the fixed-
point problem for every feasible design p are verified in many practical situations. For
example, we have shown that they are satisfied for Stokes equations (see Proposition 11
and Remark 22) and for Navier—Stokes equations with homogeneous boundary conditions
(see Proposition 19).
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VII. Computational issues

In this section we briefly discuss two topics that are standard in topology optimization
with specialization to flow topology optimization problems. Throughout the section we
will use the problem (9) as a model example, and we assume that the assumptions of
Theorem 23 are verified without further notice.

A. Approximation with sizing optimization problems

Clearly, no finite element software can be applied to the minimization problem appear-
ing in Eq. (7) if a(F * p) is allowed to become arbitrarily large; from the practical
point of view the theory of Section V implying the existence of optimal solutions to the
problem (9) is pointless, unless we can describe a computational procedure capable of
finding approximations of these optimal solutions. In fact, once we have proved Theo-
rem 17 the latter goal can be easily accomplished. For arbitrary € > 0, consider the set
Z.={(p,u) € Z|p>ce,ae.},ie, only designs with porosity uniformly bounded away
from zero are allowed, implying in particular the uniform bound a(F * p) < e~! — 1, for
every (p,u) € Z..
Then, the following easy statement holds.

Proposition 25. Assume that the sequence {Z.} is lower-semicontinuous in Painlevé-
Kuratowski sense (topology in H X U being the strong one), namely

Liminf Z, = Z, (10)
e—+0
(in particular, Z. # O for all small € > 0). Let further, for every small € > 0, (p-,u.)
denote a globally optimal solution of an approximating problem, obtained from the prob-
lem (9) substituting Z. in place of Z. Then, an arbitrary limit point of {(p.,u.)} (and
there is at least one) is a globally optimal solution of the limiting problem (9).

The assumption (10) is probably easier to check in every particular case rather than
to develop a general sufficient condition implying it; we only mention that for typical
constraints in topology optimization, such as constraints on volume and on the perimeter,
it is easily verified.

In general, there is a substantial amount of literature on the topic of approximation
of topology optimization problems using sizing ones. (See the bibliographical notes [16]
in Ref. 3 for a survey of the situation in the topology optimization of linearly elastic ma-
terials; also see Section 6 in Ref. 9 for results on incompressible stokesian flows, and Ap-
pendix A.2 in Ref. 10 for a similar problem arising in the design of flow networks.) Cases
of interest in such literature are when some of the underlying assumptions of Proposi-
tion 25 are violated, such as the compactness of Z or Z., or the assumption (10); in some
particular situations it is nevertheless possible to prove statements similar to Proposi-
tion 25. We do not try to generalize our result in this direction, because computationally
the problem (9) is already extremely demanding for realistic flows, and complicated con-
straints violating the assumption (10) are hardly necessary in practical situations.

B. Control of intermediate densities

Starting with the problem of distributing the solid material inside a control volume (2 so
as to minimize some objective functional dependent on the flow, we expect an optimal
design of the type p = xa, where A C Q is a flow region (“black—white” designs).
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Usually, this is a very naive expectation (see Section 1.3.1 in Ref. 3); however, there are
some exceptions, such as the minimum-power design of domains for Stokes flows,™" or
the design of one-dimensional wave-guides for stopping wave propagation.”’

However, if we use a filter, it is simply impossible to obtain optimal distributions of
material assuming only values zero or one (not counting the trivial designs F % p = 0
and F' % p = 1), because F' % x4 is a continuous function, and the “edges” A will be
“smoothed out” by the filter. One possible way to reduce the amount of porous material
in the final optimal design F'* p is to use a filter of a smaller radius. This may or may
not work as expected — since the control problem (9) is non-convex, the optimal designs
may change significantly as we vary the radius only slightly.

Another possibility is to add a penalty term pJP(F * p,u), for some positive ,
requiring that the power dissipation due to the flow through the porous part of the
domain should be relatively small (see Section 5 in Ref. 9). We must warn that increasing
penalty p might lead to unexpected results, because as we have already mentioned, the
presence of the filter requires the presence of porous regions in the domain (except for
trivial cases), thus the sequence of designs may converge to either one of those trivial
designs, or uJP(F * p,u) may grow indefinitely. Therefore, suitable values of y should
be obtained in each case experimentally.

At last, various restriction or regularization techniques that are designed to control
the amount of “microstructural material” in topology optimization of linearly elastic
structures may be used for similar purposes in our case. We already mentioned the
regularized intermediate density control method;'’ other possible choices may be found
in bibliographical notes [8] in Ref. 3.

VIII. Conclusions and further research

We have considered the topology optimization of fluid domains in a rather abstract
setting, and established the closedness of design-to-flow mappings for a general family of
slightly compressible fluids, whose behavior is characterized by the fixed-point formulation
associated with the operator defined in Eq. (7). We used the notion of epi-convergence of
optimization problems as a main analytical tool that allows us to treat very ill-behaving
functionals, which arise due to the fact that we allow completely impenetrable walls to
appear in the design domain.

It is of course of great engineering interest to perform numerical experiments with
topology optimization of slightly compressible fluids for various objective functionals,
theoretical foundations for which are established in this paper. Provided a stable solver
of the underlying flow problem is available, it should not be a difficult task to combine it
with the optimization code; in the end, the ease of integration with FEM software is one
of the main reasons why topology optimization techniques are widely accepted and still
gain popularity in many fields of physics and engineering.” In fact, one such successful
attempt of integrating topology optimization with Femlab is done for incompressible
Navier-Stokes fluids.'” Unfortunately, at the time of writing this code was not available
to the author. We hope to be able to perform numerical computations in the near future.

The motivation for relaxing the incompressibility requirement is found in Subsection B
of Section III; however, if one is not convinced, and for the sake of completeness it would
be interesting to prove Theorem 12 for divergence-free functions, from which the rest of
the theory should follow for incompressible fluids as well.

The method we used is of course not bound to Newtonian fluids. It seems that our re-
sults should hold for many common non-Newtonian fluids, including power-law, Bingham,
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and Powell-Eyring models (see Chapter 3 in Ref. 25), without any major modifications
(cf. Remark 10). Additional work is obviously needed for fluids of Prandtl-Eyring type
(see Chapter 4 in Ref. 25); we however feel that the special treatment this (mathemati-
cally) exotic type of fluids deserves lies well outside the scope of this paper.

At last, but not the least, we feel it is important to establish the existence of solutions,
or construct a disproving counter-example, for the “original” problem of power minimiza-
tion for incompressible Navier—Stokes fluids without the use of filtered designs. While we
have shown that this problem looks ill-posed and is probably unsuitable for practical nu-
merical computations, knowing whether optimal solutions exist would greatly contribute
to the deeper understanding of Navier—Stokes flows and affect the further development
in the area of topology optimization of fluids.
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A Generating Set Search Method Exploiting
Curvature and Sparsity*

Lennart Frimannslund! Trond Steihaug?

Abstract

Generating Set Search methods are one of the few alternatives for optimising high
fidelity functions with numerical noise. These methods are usually only efficient
when the number of variables is relatively small. This paper presents a modifi-
cation to an existing Generating Set Search method, which makes it aware of the
sparsity structure of the Hessian. The aim is to enable the efficient optimisation
of functions with a relatively large number of variables. Numerical results show a
decrease in the number of function evaluation it takes to reach the optimal solution,
sometimes by significant margins, on noisy as well as smooth problems, for a modest
as well as a relatively large number of variables.

Keywords: Nonlinear programming, derivative—free optimization, pattern search,
generating set search, sparsity.

1 Introduction
We consider the unconstrained optimisation problem

min f(z), (1)

where f : R” — R. Suppose that f is only available as

flz) = f(z) +¢ (2)

where the error term € is either stochastic or numerical in nature. By numerical noise we
mean the noise which can arise from, for instance, the discretisation involved if evaluating
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f requires computing an integral, solving a differential equation or any other subproblem
which is solved inexactly. The same input will always give the same output, but the func-
tion will not be smooth. An example of such a function occurs in [1], where the objective
function contains an integral. The truncation error stemming from the computation of the
integral makes the function look like the one in figure 1. There is an underlying smooth
function, but it is obscured by noise. On such methods derivative-based methods can
easily run into trouble, since finite difference-based derivatives may be very inaccurate
and automatic differentiation often is unhelpful as well. Generating Set Search (GSS)
Methods are a good alternative in this case. GSS methods are comprehensively reviewed
n [12]. Although usually easy to implement, GSS methods in their most basic form often
converge slowly. Modifications to speed up convergence were suggested as early as in
1960 by Rosenbrock [17]. Two recent approaches using curvature information have been
suggested [2, 7]. The main modification to basic GSS in these papers is that the search
directions the methods consider are dynamic. The introduction of a dynamic search basis
is shown to significantly reduce the number of function evaluations required to reach the
optimiser, in most cases.

Apart from slow convergence, GSS methods are often unsuitable for problems where
the number of variables n is large. In [16], one proposes a method effective for the
optimisation of smooth functions which can be decomposed into element functions. Let
xe € {1,2,...,n}, k = 1,...,n and let |y,| be the cardinality of the set x;. Let
fe : Rl - R, k=1,...,n, where x are the indices of z on which f;, depend. If f is of
the form

fl@) =) fula), (3)
k=1

then f is said to be partially separable, or totally separable depending on the cardinality of
the sets x,. Separability of f is closely related to the sparsity structure of the derivatives,
but we make the distinction because separability structure is defined even if the function
is not differentiable. Theory on separability of functions can be found in [11].

Given a totally separable function one can obtain the value of f at as many as 3" — 1
points at the cost of only 2 f-evaluations, as long as the points in question are aligned
with the coordinate axes. The optimisation algorithm in [16] exploits this fact to solve
smooth problems of the form (1) with f of the form (3) for up to more than 5000 variables.
We wish to exploit separability of f, on noisy functions.

In [7] an algorithm which solves (1) where the function is of the form (2) using average
curvature information to speed up convergence was developed. However, as n grows,
the algorithm becomes increasingly unable to exploit this information. In this paper we
present an extension to the algorithm of [7], which utilises the sparsity pattern of the
Hessian of f in (2). Although noise can potentially eliminate any sparsity pattern from
V2f in V2f, a priori knowledge about V2f through knowledge about the separability
structure (3) or known Hessian sparsity structure is assumed to be valid for V2f as well.
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e

Figure 1: e — 22 with noise.

This paper focuses on unconstrained optimisation, but extensions toward constrained
optimisation discussed in [4, 13, 14] are applicable.

2 Generating Set Search

GSS methods are a class of methods which search along the vectors of a generating set
or positive basis. A generating set consists of vectors v;, ¢ = 1,...,r such that for any
r € R,

T
T = E vy, ¢ >0, 1=1,...,7.
i=1

In words, the vectors in the set positively span R". It is shown in [3] that to positively
span R", n + 1 < r < 2n, depending on the vectors. The positive and negative of the
Cartesian coordinate vectors, say e;, ¢ = 1,...,n are an example of a generating set with
2n vectors. These methods are also known as pattern search, the name Generating Set
Search was coined in [12].

Let the set of search directions D be defined as
D= J{n}.
i=1

Associate with each p; a step length §;,. Then, a pseudo code for a method we will call
Compass Search is:
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Compass Search
Given x, s, > 1> >0,
Repeat until convergence,

For each p; € D,

If f(z+dpi) < f(2),
T 4= T + 0ip;
0; +— ab;

else,
0; + B9;

end.

end.
end.

« and (§ need not be constant throughout. We will call one run of the repeat-loop a
sweep. For this and other GSS methods one can expect linear convergence, see [12] and
the references therein.

Rosenbrock’s method [17] is based on Compass Search with 2n search directions. It
regularly rotates the search vectors in D by aligning the principal search direction to an
average gradient and generates (n — 1) additional directions through the Gram-Schmidt
process. It uses the positive and negative of the resulting vectors as its new search
directions.

2.1 GSS Methods Using Curvature Information

We look at two different methods employing curvature information.

The Method of Coope and Price This method for unconstrained optimisation of
smooth functions, is described fully in [2]. Tt minimises the function on successively
finer grids which are defined by the search directions v;,7 = 1,...,n and the step lengths
associated with each direction. The method searches along both the positive and negative
of these directions, and hence has 2n search directions. In the process of searching along
the current direction, say, v;, the method obtains the function values at three points along
this line. From these three points it creates an interpolating quadratic function. The step
length ¢; corresponding to v; is then based on the distance from the current iterate to the
minimiser of the interpolating function.
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Using the parallel subspace theorem (see, e.g. theorem 4.2.1 of [6]) the method gener-
ates conjugate search directions, one direction at a time from the n initially non-conjugate
search directions. Once a conjugate direction has been found, the algorithm deletes a non-
conjugate direction, to maintain the number of search directions. The generated conjugate
directions are stored in a matrix V,, which becomes an indirect approximation to (VZf)~!
once n conjugate directions have been found, by the relation

VeV R (V)T

The method is able to perform a finite difference Newton step from time to time. Once
the entire inverse Hessian approximation is in place, the algorithm starts building up a
new approximation. The algorithm terminates exactly on quadratic functions.

A Method Exploiting Average Curvature Information This method is described
fully in [7]. Let the search basis D consist of the positive and negative of the column
vectors of the orthogonal matrix

Q=la & - @],

where ¢; is column i. By adaptively shuffling the order of the directions in D once per
sweep, the algorithm is able to gather average curvature information from the history of
function evaluations. The algorithm builds up what in [7] is called a curvature information
matriz, Cg, one element at the time, by the formula

F(a¥ + 0igi + 65q5) — (@Y + &igi) — f(a¥ + 0;45) + f(a¥)
0:0; '

(Cq)ij = (4)
where 6; and d; are the step lengths along the search directions ¢; and g; respectively, at
any given time. The point 2% is usually different for each (Cgp);;. Cg is required to be
symmetric, so only the lower triangle of Cg is computed. The expression (4) equals a
directional second derivative,

(Cq)ij = ¢ V2 f(T7)g; (5)

for some Z* in the rectangle with the four points % + &;¢; + d;q;, % + 8;q;, 7 + &;q;
and z as corner points. (See e.g. lemma 3.5 in [5].) If the step lengths are sufficiently
large then average curvature information is obtained, thus smoothing out the effects of
noise. The method is able to obtain O(n) Cg-elements per sweep, so the entire matrix Co
consisting of "Zﬁ unique elements is computed in O(n) sweeps. When Cj, is determined,
the matrix C, given by the formula

C = QCuQ", (6)

is computed. The positive and negative of the eigenvectors of C' are taken as the new
search basis, and () is updated accordingly.
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3 A Scheme for Exploiting Sparsity

We now propose an extension to the algorithm of [7]. Assume [ is separable. The indi-
vidual f; and xj define |xx| X |xx| Hessian structural information, and by assembling all
the individual matrices, we have a sparsity structure for the entire Hessian. If sparsity
structure is not known a priori, it can be detected by the technique of [10], or it is pos-
sible to obtain the information from computational graphs, which are used in Automatic
Differentiation (AD). (See, e. g. [9] for more on AD.)

However, sparsity is relative to the coordinate system. Cy will not be sparse if ) # 1,
and neither will the matrix C' from (6) be unless the function is quadratic, due to trun-
cation error in (4). Therefore, we impose the restriction that C' have the same sparsity
structure as the Hessian.

When V?f is full, we need to compute ”2% Co-elements by (4). If the Hessian is sparse
with, for instance, O(n) unique elements, we would like to compute no more elements in
C¢ than there are unique elements in the Hessian itself. O(n) elements can be computed
in O(1) sweeps.

We do this by writing (6) as the equation

QTCQ = Cy, (7)

where the unknown is the matrix C. Let D and B be n X n-matrices. The Kronecker
product (D ® B) is an n? x n?-matrix

DB --- DB
(D® B) = : :
bD,B --- D,B

See e.g. [8]. Useful identities are

(D®B)'=(D'®B™), (9)

and
(D® B)T = (DT ® BY), (10)

Using the Kronecker product, (7) can be rewritten as
(QT ® Q")vec(C) = vec(Cp), (11)

where vec is an operator vec : R"™" — R"" which stacks the entries of a matrix in a
vector such that the equivalence between (7) and (11) holds. Denote the columns of the
matrix C' by ¢;, ¢ = 1,...,n, that is,
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Then
vec(C)=(cl & .. IO (12)

If we examine the matrix (Q7 ® Q7) it reads

QHQT e inQT
QRTeQ") = : : (13)
anQT e anQT

The first row consists of products involving only the elements of ¢;. The second row
consists of products involving only the elements of ¢; and ¢,. Similarly, each of the
remaining rows contain products involving elements of only two g¢-vectors. Since the
vec-operator is also applied to Cg in the right-hand side of (11), the row made up of
the vectors ¢; and ¢; corresponds to the element (Cg);; in vec(Cg). We now want to
reduce the number of variables in (11) based on our knowledge of symmetry and sparsity
structure. Since we require C' to be symmetric we can, for all » > s, add the columns
corresponding to C, to the columns corresponding to C); and delete the former columns.
This means we only consider the elements in the lower triangle of C. Accordingly, we
delete all the rows which do not correspond to computation of elements in the lower
triangle of Cg. Furthermore, since C' has a certain sparsity structure, we can delete all
columns which correspond to elements C,; we know are to be zero.

Having removed the columns corresponding to zero elements, we must also remove
the same number of rows. We have some freedom when it comes to which rows are
to be removed. We want the resulting coefficient matrix after row removal to be well
conditioned. If we were working in a Cartesian coordinate system, then the two vectors
used to compute C,; by a difference formula like the one in (4) would be the coordinate
vectors e, and e;, and any nonsingular submatrix of (13) would be well conditioned. Since
we are working in the coordinate system defined by the vectors ¢;, + = 1,...,n, the closest
we can get to e, and ez are the vectors with their maximum absolute elements in position
r and s, that is, vectors ¢; and ¢; such that

mkax\(qi)k\ = |(qi)rl,

and
max | (q;)x| = |(g;)s|-

So, for each nonzero C,, we pick the vectors ¢; and ¢; and keep the corresponding row.
Let p be the number of unique nonzero elements in the Hessian. Since we want an
equation system with p equations an unknowns, we need to modify the vec to take this
into account. Let vec be the operator which stacks the nonzero elements of the lower
triangle of a matrix in a vector. Let cq signify the p-vector of Cg-entries that we compute.
The resulting p X p equation system becomes

AV—GC(C) = CqQ, (14)
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where A is the resulting matrix from modifying (Q” ® Q7). In our experiments, using
the heuristic just described, A was usually very well conditioned.

Since we need to compute p cg-elements and can compute O(n) elements per sweep,
the right-hand side ¢ will be available in O(£) sweeps. Then we solve (14) and construct
C with the inverse of the operator vec.

3.1 The Relationship between C' and the Hessian

In this section we examine the error

1€ = V2£].
First we need a technical result. Define
c =vec(C),
Then we have
el < [IC]lr < V2]e]|- (15)
Too see this, suppose that C' has n diagonal and ~ off-diagonal nonzero elements. We
then have X
n+y 2
lell = (Z (f) : (16)
i=1
and

ol

Icle=| > ¢ - (17)
Y(r,s)

Not counting terms C? where C,, is known to be zero, the sum in (17) contains n + 2
nonnegative elements. All of the terms in the sum in (16) are present in (17), so clearly
lle|l < ||Cllr. As for the second inequality, we have

Do —

=1

V2le]| = [IvV2e]| = (Z(ﬁc’f) : (18)

This can be written

o

n—+y % n+y n+y
<2Zc§) = (Z 2 +Zc§> . (19)
i=1 i=1 i=1
The final sum of (19) contains a sum of 2n + 2y nonnegative elements. All the n + 2~
elements in (17), (still not counting terms C?, where C,, is known to be zero) are present

in (19), so the second inequality of (15) holds as well.
Now we can turn our attention to the relationship between C' and the Hessian.
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Lemma 1 Let f be twice continuously differentiable. Assume A in (14) is invertible and
let ¢ be the solution to (14). Let element I, l =1,...,p of cg in (14) be computed by (4)

3

and be equal to q] V*[(2)q; for the appropriate vectors q; and q; by (5). Define

N =UAE (20)

and let
= —qll. 21
0 = max [z -yl (21)
and
N:{IER” max|x—y||§6}. (22)
yeEN

Let [ be Lipschitz-continuous in N with Lipschitz-constant L. Then, the matriz C o0b-
tained by applying the inverse of the operator VE€C on c, satisfies

I = V2 f (@)l < V2pr(A) Lo,
where € N and k(A) is the condition number of A.

Proof. Let h; = vec(V2f(2')), I =1,...,p. The Hessian has the same sparsity structure
as C, so c¢g can be written

(A,

where (Ah;); is the [th element of the vector Ah;. If we now let F; be the matrix with 1
in position (/,1) and zero everywhere else, we have

p

Cc = A_l Z(ElAhl)

=1

The Hessian mapping VZf : R* — R"*" is assumed to be Lipschitz-continuous in A, that
is,

IV2f(z) = V2f(y)|| < L||z —y|| forall z,y € N. (23)

Let z € N. Define
vec(V2f(z)) = h.

Then we have

c= A1 zp:(ElA(h +a),

=1
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where

€ = h[ — h.
This expands to
p
c=ANE + -+ B,)Ah+ Y A 'EAq.

=1
The first part of the expression reduces to just h, since the sum of the E;, becomes the
identity matrix. The second term becomes an error term, whose norm is bounded by

P
le—nll = 13- A Bl < pll A~ (max [ B ) Al (max]lal) . (24)

=1

All the E; have unit norm, and the norms || A|| and ||A™!|| together make up the condition
number of the matrix A, kK(A4). We now need a bound on max; ||¢||. We have

max |7 — 2] <,

since  and all the 2! are in V. Thus, by (23):
max 17— 2| <0 = mlaXHVQf(:fl) — V2f ()| < Ld.
By (15) we have
max e = mas |4 — by < mase |[VF) — V() | < L
This turns (24) into

le = hl| < pr(A) LS,

and finally, by (15),
IC = V2f(2)|lr < V2pr(A)LS.

O

4 Preliminary Numerical Results

Numerical test were performed on three functions from [15], for various sizes of n. All the
functions have a minimum value of zero. The results on smooth functions are listed in table
1. The columns contain, from left to right, the number of variables, the number of unique
nonzero elements to be determined p, the number of function evaluations performed to
reach the solution, the number of C-matrices computed and hence the number of times

the positive basis D is updated, and the final function value obtained, for the method
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using sparsity and the method of [7] (marked “regular” in the table), respectively. The

3

convergence criterion used in the experiments on smooth functions was
max §; < 107",
(3

The results on the extended Rosenbrock function agree very well with our expectations.
The Hessian of the extended Rosenbrock function has O(n) elements, so as expected the
number of C-matrices and hence D-updates is relatively constant for the sparse method,
consistent with the bound O(Z) for obtaining the desired Cg-elements. In the case of the
regular method, D-updates become fewer as n grows, consistent with the bound O(n) on
the computation of Cy in this case. In addition, the sparse method uses fewer function
evaluations to reach the optimum, apparently since it is able to change search basis and
hence adapt to the landscape of the function more often than the regular method.

On the Broyden tridiagonal function we see a similar picture, although the savings in
function evaluations are not as apparent here as on the extended Rosenbrock function.
The reason this seems to be that frequent basis updates is not crucial on this function.
The same can be said about the results on the Broyden banded function. Note that on
the two Broyden functions, when n = 64 and n = 128, no basis change takes place in the
case of the regular method, which then in reality becomes Compass Search.

We also tested on the functions with noise, specifically

fl@) = f(z) + max(107" - [ f(2)], 107%) - g, (25)

where p is uniformly distributed in the interval [—1, 1]. This noise scheme is adopted from
[18]. On these problems, the convergence criterion used was

max &; < 107
2

The results are listed in table 2. Since we add noise to the problems by (25) we cannot
expect to find a lower function value than 10=%. On the extended Rosenbrock function the
picture is very much the same as with no noise. However, the regular method terminates
prematurely for n equal to 32, 64, and 128. The sparse method terminates prematurely
for n = 128. On the Broyden functions we also have the same picture as when no noise
is added.

5 Concluding Remarks
We have proposed and extension to the algorithm of [7] to make it aware of sparsity, and
thereby enable solution of problems with n relatively large. We have managed to reduce

the number of function evaluations it takes to reach a minimum on all three test functions
as n grows. The results hold promise, and much can be done to improve the results still, for
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Extended Rosenbrock Function

Sparse Regular
n p F#feval F#Basis f* #feval #Basis f*
4 6 893 16 1.53e-15 1051 14 3.52e-13
8 12 1972 18  5.89-16 2870 11 3.26e-16
16 24 3669 17 1.99e-15 8128 8 9.62e-16
32 48 7368 17 3.65e-15 20632 6 2.77e-15
64 96 14849 17 1.63e-15 65284 4 1.18e-14
128 192 29781 17 3.26e-15 190884 3 2.13e-13
Broyden Tridiagonal Function
Sparse Regular
n p F#feval F#Basis f* #feval #Basis f*
4 7 355 6 1.53e-13 365 5 4.62e-13
8 15 826 7 2.59-13 781 3 1.20e-13
16 31 1556 6 8.25e-13 1672 2 7.97e-13
32 63 3384 7 4.09-13 4153 1 7.52e-14
64 127 6440 7 1.70e-12 9186 0 1.42e-12
128 255 14997 8 1.41e-12 18879 0 8.61le-12
Broyden Banded Function
Sparse Regular
n p F#feval F#Basis f* #feval #Basis f*
4 10 457 6 5.08e-15 382 5 2.56e-13
8 35 824 3 1.36e-14 804 3 4.28e-13
16 91 1667 3 5.05e-14 1682 2 2.34e-13
32 203 3439 2 6.90e-13 3437 1 9.31e-13
64 427 6709 2 1.45e-12 7524 0 1.76e-13
128 875 13450 2 2.24e-12 15070 0 3.96e-13
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Extended Rosenbrock Function

Sparse Regular
n p #feval F#Basis f* #feval #Basis f*
4 6 808 15 3.63e-5 874 11 3.52e-4
8 12 1635 15 2.67e-3 2251 9 1.31e-4
16 24 3113 14 2.36e-2 7556 8 4.35e-3
32 48 7014 14 2.36e-2 10623 3 3.06el
64 96 14085 16 1.38e-1 5236 0 1.22e2
128 192 29321 17 1.86el 6629 0 2.49e2
Broyden Tridiagonal Function
Sparse Regular
n p #feval F#Basis f* #feval #Basis f*
4 7 182 3 5.25e-5 220 3 6.71le-5
8 15 383 3 3.66e-5 400 2 9.09e-5
16 31 855 4 1.86e-4 923 1 1.98e-4
32 63 1710 4 6.69e-4 1955 0 9.15e-4
64 127 3436 4 1.03e-4 4460 0 2.03e-3
128 255 6834 4 1.70e-3 8146 0 4.81e-3
Broyden Banded Function
Sparse Regular
n p #feval F#Basis f* #feval #Basis f*
4 10 205 3 1.73e-5 264 4 2.70e-5
8 35 460 2 5.76e-5 434 2 7.89e-5
16 91 893 1 1.13e-4 925 1 1.50e-4
32 203 1687 1 1.93e-4 1885 0 2.53e-4
64 427 3734 1 2.8le-4 3791 0 7.56e-4
128 875 6799 1 8.60e-4 7504 0 1.33e-3
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instance incorporating ideas like the one in [16] mentioned in the introduction, and dealing
with the great number of technical issues which arise when converting the algorithm of
[7] to handle sparse Hessians.
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Duality in MIP

Generating Dual Price Functions Using Branch-and-Cut

Elena V. Pachkova

Abstract

This presentation treats duality in Mixed Integer Programming (MIP in short). A dual
of a MIP problem includes a dual price function F, that plays the same role as the dual
variables in Linear Programming (LP in the following).

The price function is generated while solving the primal problem. However, different to the
LP dual variables, the characteristics of the dual price function depend on the algorithmic
approach used to solve the MIP problem. Thus, the cutting plane approach provides non-
decreasing and superadditive price functions while branch-and-bound algorithm generates
piecewise linear, nondecreasing and convex price functions.

Here a hybrid algorithm based on branch-and-cut is investigated, and a price function
for that algorithm is established. This price function presents a generalization of the dual
price functions obtained by either the cutting plane or the branch-and-bound method.

1 Introduction

Duality in mathematical programming is used in a variety of applications. Apart from con-
ceptual interest it provides interesting economic interpretations of the problem. Moreover,
using dual information usually improves the performance of an algorithm. Thus, there
exist many results on duality in linear programming (LP) (e.g. see Gass (1985)). Results
on duality in integer programming (IP) also exist (Wolsey (1981)). While algorithms for
LP produce unique dual programs (apart from degenerating programs), that are relatively
easy to obtain, IP algorithms generate a dual function whose characteristics depend on the
method used to solve the primal IP problem. Wolsey (1981) characterized this function for
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the branch-and-bound and the cutting plane methods.

Duality in mixed integer programming problems (MIPs), on the other hand, has only
a few results!. The formulation of a MIP dual also contains a dual price function as in the
case of IP problems. The aim of this paper is to give a characterization of this function
for the branch-and-cut method, a hybrid method, that uses the branch-and-bound and the
cutting plane approaches simultaneously.

2 MIP Problems

MIP deals with models, where a linear objective function has to be maximized (or mini-
mized) subject to a set of linear inequality or equality constraints, and where some of the
variables are integer.

A classical mixed integer program can be written as:

max cr +dy
r e, ycRY

Here, x represents the integer variables while y represents the continuous variables. ¢ € R"
and d € R™ are the objective coefficients for # and y respectively. A € R¥*" is a k x n
coefficient matrix for integer variables z and analogously B € R¥*™ is a k x m coefficient
matrix for continuous variables y. b € R¥ is the right hand side vector of the constraints.
A review on MIP can be found in Nemhauser and Wolsey (1988).

3 Mixed Integer Duality

Consider the MIP problem (Pyrp) given by (1). The dual of the problem can be written
as

min  F(b)
st. F(Ar+By) >cx+dy VexeZ; & VycRT (2)
Feg

Nemhauser and Wolsey (1988) have stated the dual of MIP for superadditive dual function. Nemhauser
and Wolsey (1985) have investigated duality for 0-1 MIP problems.
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Here F'is the dual function, or the so called price function. It plays the same role as
shadow prices? in the LP dual. Let, e.g. b be the available resources, cz + dy be the
profit from a production and Az + By be the production function. Then the original MIP
problem (Pyrp) given by (1) can be interpreted as maximizing profit from production,
given some constraints on available resources. One interpretation of the dual price func-
tion in the dual program (2) tells, how much extra resources are worth. In particular, if one
constraint in the primal problem (1) represents a constraint on one single resource, then
one extra unit of resource ¢ is worth F'(e;) units of payment, where e; is the 7’th unit vector.

The structure of an optimal price function F' and its properties depend on the algorithmic
approach used to solve the original MIP problem, and thus to generate F' (if it is possible).
A review on the pure integer programming case can be found in L. A. Wolsey (1981).

The two most widespread algorithmic approaches to solve MIP problems are branch-and-
bound and cutting plane approaches. A cutting plane algorithm for MIP was first proposed
by Gomory (1960). However, the procedure appeared to be slow at first. Moreover, a finite
cutting plane algorithm for MIP is still not known. If the classical Gomory cuts are used,
Salkin (1989) mentions an example of a MIP problem by White (1961), that cannot be
solved using the cutting plane method. Therefore the research was more concentrated on
the branch-and-bound method proposed by Little (1963).

However, the cutting planes algorithms have been reconsidered in the early 90’s with some
impressive results. Thus, a cutting plane based lift-and-project algorithm was proposed
(see Balas et al. (1993) and Lovasz and Schrijver (1991)). Moreover, one of the most
widespread algorithm, branch-and-cut?® is a mixture of both approaches where a cutting
plane approach is added to the branch-and-bound framework.

Two sets of functions will be useful when describing MIP problems. Let § be the set
of nondecreasing functions F' : R¥ — R. Thus

§={(F:R" - R): F(a) < F(b)Va,b € R*,a < b}.

Finally let $ be the set of nondecreasing and superadditive functions satisfying the follow-
ing conditions:

1. (F:RF — R) € § is superadditive, i.e. F(q)+ F(qg) < F(q1 + ¢),Yq1, g2 € R,

2Dual variables
3Padberg and Rinaldi (1987) for pure integer programming and Crowder et al. (1983) for 0-1 MIP.
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3. F € $ is nondecreasing, i.e. ' € §, and
4. F(q) = lime g @ exists and is finite for all q.

In the cutting plane approach we will deal with functions in $), while dual price functions
for branch-and-bound approach will be nondecreasing, polyhedral and convex.

3.1 Cutting Plane Framework

Algorithms based on the cutting plane setting are less common. This may be because no
cutting plane based finite algorithm is known for the general MIP problem. See Marchand
et al. (1999) for a review on cutting plane based algorithms for MIP problems. The orig-
inal Gomory’s cutting plane algorithm is sure to terminate only if the optimal objective
function is integer valued. Other MIP algorithms restrict the variables to the 0-1 case.

Again consider the MIP problem (Py;;p) given by (1). The Gomory’s strong cutting plane
algorithm for MIP problems solves a family of problems (P"):

max 2" =cx+dy
st Ar+ By <b
C’x—l—angl,

z,y >0

Here an element in the last set of constraints has the form 7 | G\.(A ;)z;+

> i G, (B;)y; < G,.(b) where the function G,(q) : R¥ — R represents a Gomory cut. r is
the index representing the number of the cut in focus.

The form of the function G,(¢) can be obtained from results in Nemhauser and Wolsey
(1988). Let |a| be the integral part, and f, be the fractional part of a € R. That is,
a=|a]+ f,and 0 < f, < 1. For an a, 0 < @ < 1, define F,(a) : R — R by

F,(a) = |a] + max(0, {2=2).

-«

Let v be the row element of the inverse basis matrix corresponding to the source row in the
constructed simplex tableau. For simplicity consider the first cut. Then v = {1, ..., v},
since the dimension of the basis is k. Let V = {1,....k}, VT = {i € V]y; > 0} and
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V~ = {i € V|v; < 0}. Moreover, let a be the fractional part of the nonintegral value of
the basic variable in the source row.

Holm and Tind (1988)* show that G(q) defined by

Clg) = Falvg) — 2= 3" g

iev-
is superadditive and nondecreasing and that

E(Q) = Z Viq;, Z UzQz)

€V — eVt

is concave and piecewise linear. Additionally G(q) generates cuts in the Gomory strong
MIP cutting plane algorithm.

The algorithm terminates if some problem (P") is found to be infeasible, or if a mixed
integer solution is found. However, this Gomory cutting plane algorithm is finite for inte-
gral optimum objectives only. For a general MIP we are not sure to obtain a solution after
a finite number of cuts.

3.1.1 MIP duality in Cutting Plane Framework

Gomory’s strong mixed integer cutting plane algorithm generates nondecreasing superad-
ditive optimal dual price functions. Suppose that p Gomory cuts are needed to find the
optimal solution for the primal MIP problem. With the Gomory cuts given by the function
G(q) defined above, the optimal price function F(q) : R* — R and its directional derivative
are given by

k+p

Zuqu—i- Z uw; Gy( (3)

i=k+1

and
Ek+p

Zu’bql + Z ul

i=k+1

respectively. Here uy, ..., U, Upy1, ..., Ug4p > 0 represent the dual variables obtained at ter-
mination. The first k variables correspond to the original MIP constraints, while the last

4Based on Nemhauser and Wolsey (1988)
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p variables correspond to the additional Gomory cuts.

The superadditive dual of a MIP is then (see also Nemhauser and Wolsey (1988))

min F(b)
Fe$
s.t. F(AJ) > Cj j = 1,...,n

Here F(gq) is nondecreasing and superadditive and F(q) is concave and piecewise linear.

3.2 Branch-and-Bound Framework

The LP based branch-and-bound approach produced some effective algorithms like branch-
and-price and branch-and-cut. A review on algorithms based on LP branch-and-bound
approach can be found in Johnson et al. (2000).

Consider the mixed integer problem (Pyrp) given by (1). The classical branch-and-bound
algorithm solves a family of subproblems (F;), t =1, ..., r:

max cr +dy
s.t. Ax+ By <b (4)
re X,y eRY

where Z'7 C J,_, X;. Assume in the following that X;, = {z € R" : ¢} < z; < hl,j =
1,...,n,x > 0} as it is done in Klamroth et al. (2002), where g} and h’ are lower and upper
integer bounds respectively. This assumption is satisfied by LP based branch-and-bound
approaches and many other branch-and-bound algorithms. A branch-and-bound algorithm
terminates if one of the following is true:

e All the generated subproblems (P;), t = 1,...,r, are shown to be infeasible or,

e The optimal solution to some subproblem P, (z'",'"), is found, such that z'" is
integer valued, and for z. = cz'” + dy!” we have that z. > 2 for all t # t*. Here z
represents the objective value of the subproblem (F;).
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3.2.1 MIP Duality in Branch-and-Bound Framework

Using branch-and-bound algorithms the generated optimal price function is not necessar-
ily superadditive. Although branch-and-bound algorithms have been widespread in solving
MIP problems, there are no results concerning generation of optimal price functions based
on branch-and-bound known to the author. A treatment for the pure integer programming
problem can be found in Wolsey (1981).

Consider the original MIP problem (Pyrp) given by (1) and the subproblems (F;) given
by (4). The following lemma shows how to construct a dual feasible function for (Pyp)
given dual feasible functions for its subproblems.

Lemma 3.1: If F, € §, t = 1,...,r, are dual feasible functions for the subproblems
(P), t=1,...,r in the sense that

Fy(Az + By) > cx +dy Vz € X;,y € RY
then

is a dual feasible function for the original MIP problem (Pyrp) in (1).
Proof

Let z € Z7, and y € R7. Then because Z} C |J,_, X¢, z € X, for some t = 1,...,r.
Hence, since F; is feasible for (F;), Fi(Ax + By) > cx + dy. But due to the definition
of F, F(Ax + By) > Fy(Ax + By) > cx + dy. Moreover, F' is nondecreasing since F} is
nondecreasing for ¢t = 1,...,r. This implies that F' € §. Thus, all in all F' is a dual feasible
function for the original MIP problem (Py;p).

O

Next we show that a dual optimal function F' for the original MIP problem in fact exists,
provided the problem has a finite optimal solution. This result together with a way to
construct F'is established in the theorem below.

Theorem 3.1 If the original MIP program (Pyp) in (1) has a final optimal solution,
and an LP based branch-and-bound algorithm terminates in a finite number of subproblems
(B), t=1,...,r, then there exists a dual optimal price function F € § where

F(q) :=  max (rlg+ab), o eR, 7' € R* 7' > 0. (5)

77777

79



Proof

Let z* be the optimum objective value of (Pyrp) and consider some arbitrarily chosen
terminating subproblem (P;), t € 1,...,7. (P,) is either infeasible or has an optimal solu-
tion where integer variables have integer values.

a) If the linear program (P;) has an appropriate optimal solution with corresponding
optimal objective value z;, then its dual LP is feasible. Let (7', 7", 7") > 0 be the optimal
solution of the dual. Here, the variable 7" corresponds to the initial constraints in (Pyrp),
while the variables ! and 7 represent the extra integer > and < constraints respectively,
that are generated by the branch-and-bound algorithm. Since (7', 7, 7) is feasible for the

dual LP . .
WtAJ—Zﬂg—i—Zﬁ;ZCJ jzl,...,n
j=1 j=1

and
7'('th7; Z dl 1= 1, M.

Define a nondecreasing function F; as
Fi(q) := w'q + of, where of = —x'g! + 7'
F, satisfies

F,(Ax + By) = 7'(Az + By) + o = 7'(Ax + By) — n'g" + Th' >
m'(Az + By) — r'x + Tlo = 7' Az + m'By — r'x + T'x > cx + dy Vz € X3,y € R™.

Thus, F}; represents a dual feasible function for (F;) in the sense of lemma 3.1. More-
over, by linear programming duality, F;(b) = 70 — '¢' + T'h' = 2z for terminating (P).
Here z, < z*.

b) If (P,) on the other hand is infeasible, there exits a dual ray (w',w!,@") > 0, that
satisfies w'A; — >0 Wi + 30 W5 > ¢, j = L.un, wB; > d;, i =1,..,m and
wih — wlgt + w'h! < 0. The definitions of w are analogous to the definitions of 7 above.
Consider some dual feasible solution (77, 7", 7”) > 0 of the dual of (P;). This may be
available from the parent node in the branch-and-bound tree. Combining it with the dual

ray we obtain a vector (7', ", 7) := (7P, 7P, 7) + p(w', W', @"), where u € R,.

Define F; € § for (B;) by Fi(q) = w'q + o', o' := —x'g" + T'h'. Then we have that:
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Fy(Az + By) = m'(Az + By) —n'g' + Th' =
(7P + pw')(Az + By) — (7 + pw')g" + (7% 4 pw')h' =
7P (Az + By) + pw'(Az 4+ By) — nPg" — pw'g’ + 7h' + potht > cx + dy, Vo € X,y € R

Thus again we are dealing with a dual feasible function F; for (P,). Moreover, we see
that

lim Fy(b) = lim (7'b + ') = lim ((7? + pw")b — (7P + pw')g" + (7@ + pw')h') =

HU—00 H—00 H—00
lim (77 — 7Pg" + 7Ph! + p(w'b — w'g' + T'ht)) = —oc.
pi—00

*

Thus we always can choose u so Fy(b) < z*.

Summarizing, Fy(q) = m'q + o' is a dual feasible function for all terminating (P;), t =
1,...,7. Thus, using lemma 3.1, the price function F' given by (5), is dual feasible for
(Prrp). We assumed that (Pyrp) has an finite optimal mixed integer solution, let it be
(x*,y*). But then there exists a t* € {1,...,r} such that (z* y*) is the optimum solu-
tion for (Pp) and hence z* = cax* + dy* = Fi«(b). Since F(b) < z* for all t = 1,...,7,
F(b) = max;—__, Fy(b) = Fi«(b) = z* and thus is dual optimal for (Py;p). All in all, the
constructed optimal dual price function F' exists and is dual optimal for (Pyrp).

O

The theorem shows that a standard LP based branch-and-bound algorithm generates a
price function that is piecewise linear, nondecreasing and convex, as it was the case with
pure IP problems (see Wolsey (1981)). We also see that F' in general is not superadditive.

There are several versions of the branch-and-bound algorithms, depending on which vari-
able to branch on, if several integer variables have non-integer values in an optimal solution
of a LP relaxation. Each version produces one optimal dual price function. Thus, the gen-
erated price function is only one possible solution out of many and depends on the version
of the algorithm.

For a special kind of MIP problems, however, an interpretation involving a superaddi-

tive price function can be obtained using branch-and-bound algorithms. An analogous
result for the pure integer programming case can be found in Wolsey (1981). Consider the
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following bounded MIP problem (P):

max cr +dy
s.t. Arx+ By <b
—r < —g
z<h

reZy,ye R}

LetagainXt:{xe]R”:g;ijghﬁ,jzl,...,n,xZO}and{x:OSgngh,xZO

and integer} C (J;_, X;. The dual of (P) is

min F(b,—g,h)

s.t. F(A_j, —€j, ej) 2 Cj
F(B,j,(),()) 2 dj
Fe$

where e; is the j’th unit vector.

Theorem 3.2 If the bounded MIP program (P) has a final optimal solution, and solving
(P) with an LP based branch-and-bound algorithm results in a finite number of terminating
subproblems (P,), t = 1,...,r, then there exists a dual feasible price function F' € $) of the
form

Proof

Set u* = (7', o', @), as in the proof of theorem 3.1. Thus, u’ is the dual variables of some
subproblem (P;) in case a) and a combination of a feasible solution and a dual ray in case b).

-----

-----

F' is clearly superadditive and nondecreasing and F' (O)_: 0. Finally finite F(q) exists
for all ¢. Thus, F' € $. All in all, F' is dual feasible for (P).

O

The generated price function is a weak dual function and serves as an upper bound for the

value function of the primal problem (P).
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3.3 MIP Duality in Branch-and-Cut Framework

The branch-and-cut algorithm is a hybrid algorithm, that combines the branch-and-bound
and the cutting planes approaches. Thus, at each node we try to find a violated cut first.
If it is not available within a reasonable amount of time we branch. A description of the
algorithm can among others be found in Cordier et al. (1999). This algorithm turned out
to be quite effective for solving MIP problems.

The following theorem states a result about the dual optimal function of the MIP problem,
if an branch-and-cut algorithm is applied. Such a dual function exists provided that the
primal problem has a finite optimal solution, and the number of terminating subproblems
is finite. Moreover, the theorem shows a way to find an optimal dual price function.

Theorem 3.3 If the original MIP program (Pyrp) in (1) has a final optimal solution,
and solving (Pyrp) with a branch-and-cut algorithm results in a finite number of termi-
nating subproblems (P,), t = 1,...,r, then there exists a dual optimal price function F' € §
where
5(t)
F(q) := tg%&.xfir(ﬂtq +af + ZfriGg(q)), ol Rt eRE 7 € Ri(t), Gl e .

s=1

Here 5(t) > 0 is the number of Gomory cuts G* in subproblem (P,).
Proof

As in the proof of theorem 3.1 let z* be the optimum objective value of (Pyrp). Con-
sider some arbitrarily chosen terminating subproblem (F;):

max cxr + dy
s.t. Axr+ By <b
re X, yeRY

where an element in the last constraints has the form > 7| GL(A j)z;+ Y02 EZ(B.j)yj <

G (b), and G*(q) represents the s’th Gomory cut in problem (P,). If some cuts are present
in a parent node subproblem, then these cuts will also be present in its child node sub-
problem, if such a child node exists.
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case a) Suppose that the LP relaxation of (P,) has an optimal mixed integer solution
with objective value z;. Let (7', 7, ', @) > 0 be the optimal dual solution. 7!, 7", 7" are
as defined in proof for theorem 3.1, and 7! corresponds to the Gomory cuts constraints.
Since we have §(t) cuts in problem (P;), #* has dimension §(t). We see that

n n (t)
PA -+ Y Y G AR 2 G=1,n
j=1 j=1 s=1

and
5(t)
TBi+ Y GUB)FL>d; i=1,..,m.
s=1

Define the nondecreasing function F; by

)

Fi(q) == mqg+ of + 0 Gt (g)7! with of = —xlg' +Thi t=1,...,7.

Since G is a Gomory cut it is superadditive. But then S°") Gt (Az + By)7! >

Zig G'(Ax)7wt + Zi(:t)l G'(By)wt. Moreover,this also implies that Zig G (Ax)wt >
S0 Gt(A)ert, and analogously S2°%) Gz(_Bty)frﬁ > S0 Gt (B)yat. Due to the defini-
tion of G given in section 3.1 GL(B) > G (B), s = 1,...,6(t). Finally, since G% is a
Gomory cut G%(0) = 0.

All this implies that, for all t =1, ..., r, F} satisfies

Fi(Az + By) = n'(Az + By) + 7'h! — z'g' + 3°Y) GL(Az + By)7! >
m' Az + 7' By + 7'x — xte + 300 G (Ax)7t + 200 G (By)R >

T Az + 7' By + 7'r — mlo + 300 GL(A)r#! + 300 GL(B)y#, >
Az + 7By +7a — x'z + Y00 G (At + 30 G Byl >
cr+dy Vre X,yeR™

Thus, the function F; represents a dual feasible function for (]575) Moreover, by linear
programming duality, F;(b) = 7'b — z'¢" + Th" + Zi(:t)l GL(b)7L = 2 for terminating (P)
and z; < z*.

case b) If (P,) is infeasible then there exists a dual ray (w',w,@" &) > 0, such that
thJ' - Z;;l £§' + Z;’;l wz + Zg(:t)l GZ(AJ)@E > Cj’j =1,..n, WtB-i + Zgg)l EZ(BZ)@E >
diyi = 1,...,m, and w'b — wig' + T'ht + S°U GL(b)@! < 0. Analogous to the proof for
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theorem 3.1 define
(rt, 7', 7, &) = (7P, o TP, 7P) 4 pwh, ot W', @), where p€ Ry

Here, (7P, 7P, @, #P) represents a dual feasible solution for (P,). Then let F; be defined by
Fi(q) == nlg+ of + Y0 Gt(g)7!, of := —x'g' +Tht. Analogous to case a) F; satisfies
Fiy(Az + By) > cx + dy,Vr € X;,y € R}'. Thus F; represents a dual feasible function for
(Fy).

Moreover, since

5(t)
lim F,(b) = lim (7'b+ o' + ) Gl(g)7t) =
poe foe s=1
(1) (1)
lim (77b — 7Pg" + 7h' + > GLO)F + p(w'b — w'g' + D'+ Y GL(b)DL)) = —o0.
s=1

—00
K s=1

we always can choose u so Fi(b) < z*.

Summarizing, Fi(q) = 7'q + o + 3°Y Gt (g)7t is a dual feasible function for all ter-
minating (]-:’t),t = 1,...,r. Thus, F(q) := max;—y__, Fi(q) is a dual feasible function for
(Ppop), if branch-and-cut algorithm is used due to lemma 3.1. Since we assumed that
there is a finite mixed integer solution (z*,y*) there exists t* € {1,...,7} such that (z*, y*)
is the optimal solution for (P;). Hence z* = ca* + dy* = Fy-(b). Since Fy(b) < z* for all

t=1,..,r, F(b) = F;x = z* and this F(q) is optimal for (Pyrp).
O

The constructed function is not only the dual optimal function for the branch-and-cut
algorithm. It also represents a general form of such a dual optimal function if either
a cutting plane or branch-and-bound based algorithm is used. In case of a cutting plane
algorithm, we only deal with one node, the root node. Moreover, the variables o disappear.
Thus we end up with the same formulation as (3). For a pure branch-and-bound algorithm,
we do not have any constraints representing Gomory cuts, 6(t) =0, forall t =1,...;r. In
this case we are back to the same formulation of the dual price function (5) in theorem 3.1.

85



4 Summary

The presented paper gave a short presentation of the MIP problem and three of its solution
methods. Additionally, some duality results were shown. In particular, the formulation
of a dual of a MIP problem contains a dual price function F'. The characteristics of this
function, however, depend on the algorithm used to generate it. Applying the cutting plane
algorithm we obtain a nondecreasing and superadditive price function. Using a branch-and-
bound algorithm, on the other hand, provides a piecewise linear, nondecreasing and convex
price function, which in general is not superadditive. However, section 3.2.1 presented a
superadditive weak dual price function for the bounded MIP problem, if branch-and-bound
approach is applied.

Section 3.3 presents a general dual function for the branch-and-bound and the cutting
plane approach. This dual function is additionally the price function for the branch-and-
cut algorithm. The branch-and-cut algorithm is now very popular when solving MIP
problems. One important brick in the algorithm is the generation of cuts. In this chapter
we used the classical Gomory cut. However, there exist other cuts, e.g. the lift-and-project
cut (see Balas et al. (1993), Balas et al. (1996)) or the mixed integer rounding cut (see
Marchand and Wolsey (2001)). One idea for further research would be to show similar
duality results for these cuts.

Apart from the conceptual interest, the result can be useful in economic interpretations of
MIP models as well as sensitivity analysis.

References

E. Balas, S. Ceria, G. Cornuejols, ” A lift-and-project cutting plan algorithm for mixed
0-1 programs”, Mathematical Programming 58, pp. 295-324, 1993.

E. Balas, S. Ceria, G. Cornuejols,” Mixed 0-1 Programming by Lift-and-Project in Branch-
and-Cut Framework”, Management Science 42, 1996.

C. Cordier, H. Marchand, R. Laundy, L.A. Wolsey, ” A branch-and-cut code for mixed
integer programming’, Mathematical Programming 86, pp. 335-353, 1999.

H. Crowder, E.L. Johnson, M.W. Padberg, ”Solving Large Scale Zero-One Linear Pro-
gramming Problems”, Operation Research 31, pp. 803-834, 1983.

S.I. Gass, " Linear Programming”, 5th ed.,McGraw-Hill, (1985).

R.E. Gomory, ” An algorithm for the mixed integer problem”, RM-2597, The Rand Cor-
poration, 1960.

S. Holm, J. Tind,” A Unified Approach for Price Directive Decomposition Procedures in

86



Integer Programming”, Discrete Applied Mathematics 20, pp. 205-219, 1988.

E. L. Johnson, Georg L. Nemhauser, Martin W. P. Savelsbergh, ”Progress in linear Pro-
gramming Based Branch-and-Bound Algorithms: An Exposition”, INFORMS Journal on
Computing 12, 2000.

K.Klamroth, J. Tind, S. Zust, ”Integer Programming Duality in Multiple Objective Pro-
gramming”, University of Copenhagen, Department of Applied Mathematics and Statistics,
2002.

J.D.C. Little, K.G. Murty, D.W. Sweeney and C. Karel,” An Algorithm for the Travelling
Salesman Problem”, Operation Research 11, pp. 972-989, 1963.

L. Lovasz and A. Schrijver, ”Cones of matrices and set functions and 0-1 optimization”,
STAM Journal on Optimization 1(2), pp. 166-190, 1991

H. Marchand, A. Martin, R. Weismantel, L.A. Wolsey, ” Cutting Planes in Integer and
Mixed Integer Programming”, CORE Discussion Paper 9953, 1999.

H. Marchand, L.A. Wolsey, ” Aggregation and Mixed Integer Rounding to Solve MIPs”,
Operation Research, Vol. 49, No. 3, pp. 363-371, 2001.

G. L. Nemhauser, L. A. Wolsey, " A Recursive Procedure to Generate all Cuts for 0-1
Mixed Integer Programs”, Mathematical Programming 46, pp. 379-390, 1990.

G. L. Nemhauser, L. A. Wolsey, "Integer and Combinatorial Optimization”, John Wiley
& Soms, Inc, 1999.

M. Padberg, G. Rinaldi, ” Optimization of a 537-city TSP by branch and cut”, Operations
Research Letters 6, pp. 1-8, 1987.

H.M. Salkin, K. Mathur, ”Foundations of Integer Programming”, North-Holland, 1989.
W. White, ”On Gomory’s Mixed Integer Algorithm”, Senior Thesis, Princeton University,
May 1961.

L.A. Wolsey, "Integer Programming Duality: Price Functions and Sensitivity Analysis”,
Mathematical Programming, 20, pp. 173-195, 1981.

87






Abstracts

On the Facial Structure of the Replacement Polytope
Andr éasson, Niclas (Chalmers University of Technology, Swveden)

Consider a system consisting of a finite number of parts, each with a specific lifetime. At the very latest when a
part reaches its lifetime it must be replaced. Associated with areplacement is the cost of the part and a fixed cost
independent of how many parts that are replaced. The replacement problem refers to finding a replacement
schedule that minimizes the total cost for having a working system a finite time period. An integer linear
program is presented for the replacement problem. The facial structure of the convex hull of the set of feasible
solutions (the replacement polytope) is then investigated.

Optimization and Evolutionary Search: Related | ssues
Bhattacharya, Maumita (Charles Sturt University, Australia)

Evolutionary algorithms (EA) have been long accepted as efficient global optimizers. Given a search space Sand
an objective function g defined on it, the problem is to find the global maximum (or minimum) of g in S To
apply EA’s heuristic search, the coding function or representation p is created, that partially maps Sto the finite
chromosome space C. The genetic operators are used to create new solutions such that C"— C™.

However, as the evolutionary search progresses, it is important to avoid reaching a state where the genetic
operators can no longer produce superior offspring, prematurely. This is likely to occur when the search space
reaches a homogeneous or near-homogeneous configuration converging to alocal optimal solution. Maintaining
a certain degree of population diversity is widely believed to help curb this problem. This paper discusses the
problem of premature convergence related to EA based optimization. A novel technique is presented, that uses
informed genetic operations to reach promising, but un/under-explored areas of the search space, while
discouraging local convergence, to curb premature convergence. Elitism is used at a different level aiming at
convergence. The proposed technique's improved performance in terms solution precision and convergence
characteristics is observed on a number of benchmark test functions with a genetic algorithm (GA)
implementation.

Deter mining the Non-Existence of a Compatible OSPF Metric

Brostrém, Peter (Linkoping Institute of Technology, Sveden)
Holmberg, Kgj (Linkdping Institute of Technology, Sveden)

Many communication networks use the intra-domain protocol OSPF (Open Shortest Path First) for deciding the
routing of traffic. Routers in such networks send traffic to destinations on shortest paths. The network operator
control the traffic by assigning weights to each link. This set of weightsis called the "metric" and is used in the
shortest path computations.

Itis easy to decide how traffic is routed when a network and a metric is given (thisisin fact exactly what routers
do). A more difficult question is whether or not there exists a metric giving a set of desired traffic patternsi.e. a
metric making the desired paths shortest. Such a metric is in this work called compatible. The existence of a
compatible metric is a matter of similarities between different traffic patterns, and this is further investigated in
thiswork.

To this point, there is one known necessary condition for the existence of a compatible metric, called the "sub-
optimality" condition. We present more general necessary conditions for the existence of a compatible metric for
a set of desired shortest path graphs. In addition, we also present a polynomia method that use pairs of traffic
patterns for explaining why some desired sets are not compatible with any metric. This method is successful in
indicating where the conflict lie in most instances, but can sometimes fail when the type of conflict is more
complicated. More complicating conflicts are treated in the presentation " Stronger necessary conditions for the
existence of an compatible OSPF metric".
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On the Use of Second Derivativesin Optimization of Radiation Therapy

Carlsson, Fredrik (Royal Institute of Technology, Sweden)
Forsgren, Anders (Royal I nstitute of Technology, Sveden)

The goal of external-beam radiation therapy of cancer is to obtain an acceptable balance between tumor control
and complications to the normal tissue surrounding the tumor. During the last decade, the field has experienced a
rapid progress. New technology has improved the accuracy of the beam delivery significantly. Together with the
development of faster computers, this has led the way for so called ‘intensity modulated radiation therapy'
(IMRT).

In IMRT, the clinician specifies certain characteristics of the desired dose distribution by introducing objective
functions for the tumor and for the critical organs close to the tumor. A discretization of the incident beams and
of the treatment volume of the patient is performed and an optimization problem is formulated. In general, the
IMRT praoblem is large-scale and has a non-convex nature, often with linear and non-linear constraints.

In this study we investigate how the Hessian affects the optimization performance for a quasi-Newton algorithm
used in acommercial treatment planning system. Currently, the initial Hessian fed into the algorithm is diagonal.
The influence of including more accurate curvature information, represented as off-diagonal elements, is
explored for three patient cases.

A more accurate initial Hessian results in a much faster progress of optimization than when using a diagonal
initial Hessian. Furthermore, the optimal beam profiles differ significantly, with an accurate Hessian they are
very jagged compared to the smooth profiles obtained with a diagonal Hessian. Jagged profiles are, in general,
not desirable since they are harder to deliver, but for a certain class of IMRT problems they are preferable. The
results also indicate that the IMRT problem is an ill-posed inverse problem in the sense that very different
fluence profiles can produce almost identical dose distributions.

A Method for Approximating Symmetrically Reciprocal Matrices by Transitive
Matrices

Dahl, Geir (Center of Mathematics for Applications, University of Oslo, Norway)

The problem of approximating symmetrically reciprocal matrices by transitive matrices has received some
attention recently. This problem has applications in multicriteria decision theory. Severa approximation
approaches have been suggested and analyzed. We here suggest another approach, caled the multiplicative
approach. We show that the optimal approximation in this sense may be found efficiently by transforming the
problem into a known combinatorial optimization problem (the minimum cycle mean problem) for which
efficient and simple combinatorial algorithms exist.

Keywords: Transitive matrix, symmetrically reciprocal matrix, approximation.

Cutting Plane M ethod in Decision Analysis

Ding, Xiaosong (Mid-Swveden University, Swveden)
Al-Khayyal, Faiz (Mid-Sweden University, Sveden)

Computational decision analysis methods, such as the DELTA method, have been developed and implemented
over a number of years for solving decision problems where vague and numerically imprecise information
prevails. However, the evaluation phases in those methods often give rise to bilinear programming problems,
which are time-consuming to solve in an interactive environment with general nonlinear programming solvers.
This paper proposes a linear programming based algorithm that combines a cutting plane method with the lower
bounding technique for solving this type of problem. The central themeisto identify the global optimum as early
as possible in order to avoid generating unnecessary cuts in the convergent cutting plane procedure.
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Topology Optimization of the Navier-Stokes Equations
Evgrafov, Anton (Chalmers University of Technology, Sveden)

We consider the problem of optimal design of flow domains for Navier-Stokes flows in order to minimize a
given performance functional. We attack the problem using topology optimization techniques, or control in
coefficients, which are widely known in structural optimization of solid structures for their flexibility, generdlity,
and yet ease of use and integration with existing FEM software. Topology optimization rapidly finds its way into
other areas of optimal design, yet until recently it has not been applied to problems in fluid mechanics. The
success of topology optimization methods for the minimal drag design of domains for Stokes fluids (see the
study of Borrvall and Petersson [Internat. J. Numer. Methods Fluids, vol. 41, no. 1 pp. 77-107, 2003]) has lead to
attempts to use the same optimization model for designing domains for incompressible Navier-Stokes flows.

We show that the optimal control problem obtained as a result of such a straightforward generalization is ill-
posed, at least if attacked by the direct method of calculus of variations. We illustrate the two key difficulties
with simple numerical examples and propose changes in the optimization model that allow us to overcome these
difficulties. Namely, to deal with impenetrable inner walls that may appear in the flow domain we slightly relax
the incompressibility constraint as typically done in penalty methods for solving the incompressible Navier-
Stokes equations.

In addition, to prevent discontinuous changes in the flow due to very small impenetrable parts of the domain that
may disappear, we consider so-caled filtered designs, that has become a "classic" tool in the topology
optimization toolbox. Technically, however, our use of filters differs significantly from their use in the structural
optimization problems in solid mechanics, owing to the very unlike design parametrizations in the two
models.We rigorously establish the well-posedness of the proposed model and then discuss related
computational issues.

A New Generating Set Search Method for Unconstrained Optimisation

Frimannslund, Lennart (University of Bergen, Norway)
Steihaug, Trond (University of Bergen, Norway)

Generating set searches, a class of derivative-free optimisation methods, has been an area of active research in
recent years, much caused by the development of convergence theory. However, although these methods are
usualy easy to implement, robust and provably convergent in most cases, their attractiveness suffers from the
fact that they are slow when it comes to convergence. Usually these methods do not take the local topography of
the objective function into account.

We present a new algorithm which is a modification to a well known generating set search method, Compass
Search. The new algorithm tries to adapt its search directions to the local topography by accumulating curvature
information about the objective function as the search progresses. We present some theory regarding its
properties, as well as numerical results that show our algorithm to outperform Compass Search most of the time,
sometimes by significant relative margins, on noisy as well as smooth problems. In addition, preliminary
numerical results indicate that we can exploit the sparsity information of the Hessian matrix. Thus allowing us to
solve relatively large problems using methods in this class.

Tabu Search Heuristicsfor the Probabilistic Dial-a-Ride Problem

Ho, Sin C. (University of Bergen, Norway)
Haugland, Dag (University of Bergen, Norway)

We present an efficient neighborhood search procedure for the probabilistic dial-a-ride problem. The suggested
approach requires O(n"4) computations as opposed to O(n"6) operations required by a straightforward
neighborhood evaluation. In the current work a tabu search and a hybrid GRASP/tabu search exploiting this
search procedure are developed and compared through numerical experiments.
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Path Relinking for the Vehicle Routing Problem

Ho, Sin C. (University of Bergen, Norway)
Gendreau, Michel (Université de Montréal, Canada)

The aim of this work is to propose a tabu search heuristic with path relinking to solve the classical vehicle
routing problem. Computational results show that using path relinking periodically in the search speeds up the
search to find good solutions. They also show that tabu search with path relinking is able to produce better
solutions than pure tabu search using much less computing time.

Stronger Necessary Conditionsfor the Existence of a Compatible OSPF Metric

Brostrom, Peter (Linkoping Institute of Technology, Sveden)
Holmberg, Kaj (Linkoping Institute of Technology, Sweden)

This presentation is a continuation of the presentation "Determining the Non-Existence of a Compatible OSPF
Metric". It addresses the question of whether or not for a set of desired traffic patterns in an Internet Protocol
telecommunication network using OSPF (Open Shortest Path First), there exists a compatible metric, i.e. weights
making the routers give the specified traffic patterns. In the previous presentation it was shown that the existence
of what we here call 1-valid cycles prove the non-existence of a compatible metric. In a 1-valid cycle the flow of
two commodities is changed in a cycle. We here prove that a 2-valid cycle, which is a cycle in which more than
two commodities are changed, exists if and only if there exists a 1-valid cycle. Furthermore, a 3-valid set of
cyclesis defined as a set of cycles where the flow of one commaodity is changed in each cycle. Unfortunately we
have not been able to show that the non-existence of 3-valid sets of cycles is sufficient for the existence of a
compatible metric. However, for some special cases, such as when the desired traffic patterns only consist of a
number of trees, stronger results are obtainable. Since it isfairly easy to find 1-valid cycles, we aso consider the
case when we know that there does not exist any 1-valid cycle.

An alternate title of this talk is "In Search of Sufficient Conditions for the Existence of a Compatible OSPF
Metric". We can formulate sufficient conditions for the existence of a compatible metric, but at the moment this
formulation is not practically usable. However, this talk aims to show that the gap between the necessary and
sufficient conditions is decreasing.

Optimizing the Schedule of a Sports L eague

Joborn, Martin (Carmen Systems AB, Swveden)

Optimizing the game schedule of a sports league is a very complex problem, known as the traveling tournament
problem. In areal situation, the problem includes many intangible constraints that are hard to quantify. Also, the
objective function is quite fuzzy. In this presentation, we will compare the "theoretical" traveling tournament
problem with a real instance. Further, we will sketch how the problem is solved today, discuss potentials for
optimization, and outline how we have helped a major sports league to optimize their planning.

Ship Scheduling with Visit Separation Constraints

Sigurd, Mikkel M. (University of Copenhagen, Denmark)

Ulstein, Nina L. (Norwegian University of Science and Technology, Norway)
Nygreen, Bjarn (Norwegian University of Science and Technology, Norway)
Ryan, David M. (University of Auckland, New Zealand)

This talk discusses an application of planning support in designing a sea-transport system. Increased pressure on
the road network and increasing transport needs make companies look for new transport solutions. This spurred
an initiative to create a new liner shipping service. The initiative came from a group of Norwegian companies
who need transport between locations on the Norwegian coastline and between Norway and The European
Union. While few producers on the Norwegian coast have sufficient load to support a cost efficient, high
frequency sea-transport service, they can reduce costs and decrease transport lead-time by combining their loads
on common ships. They agreed upon a tender (transport offer) which was proposed to a number of shipping
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companies. The tender specifies the number of cargos per week and time constraints for pickup and delivery. It
also states the requirements regarding ship types and loading and unloading techniques. For rapid handling, all
goods must be transported in containers. Finally the tender specifies the yearly payment each company will make
to be part of this transportation system. Today there are neither ships nor harbour facilities to support the
proposed solution. Thus, major investments are necessary. Estimates indicate that investments in ships alone, can
amount to about 150 mill US dollars. We present a model which calculates a near optimal fleet and
corresponding routes to satisfy the requirementsin the tender. The problem is avariant of the general pickup and
delivery problem with multiple time windows. In addition, it includes requirements for recurring visits,
separation between visits and limits on transport |ead-time. The problem is formulated as a set partitioning model
and solved by a heuristic branch-and-price algorithm.

CPLEX Overview and Recent Advancesin Mathematical Programming
Oussedik, Sofiane (ILOG, France)

The first part of the presentation is an overview of ILOG CPLEX algorithms and parameters for solving linear,
mixed integer, quadratic and mixed integer quadratic programs. Also, CPLEX includes the ILOG CPLEX
Callable Library (C and VB APIs) and ILOG Concert Technology (C++, Java and .Net APIs) to make it easy to
embed the powerful CPLEX algorithms in your application. The second part of the presentation will highlight
the recent algorithmic advances in Mathematical programming and the features that made CPLEX the industry
standard.

Duality in MIP
Pachkova, Elena V. (Copenhagen University, Denmark)

This presentation treats duality in Mixed Integer Programming (MIP in short). A dual of a MIP problem includes
a dual price function F, that plays the same role as the dual variables in Linear Programming (LP in the
following).

The price function is generated while solving the primal problem. However, different to the LP dual variables,
the characteristics of the dual price function depend on the algorithmic approach used to solve the MIP problem.
Thus, the cutting plane approach provides nondecreasing and superadditive price functions while branch and
bound algorithm generates piecewise linear, nondecreasing and convex price functions.

Here a hybrid algorithm based on branch and cut is investigated, and a price function for that algorithm is
established. This price function presents a generalization of the dual price functions obtained by either the
cutting plane or the branch and bound method.

Global Optimality Conditions for Discrete and Nonconvex Optimization, With
Applicationsto Lagrangian Heuristics and Column Generation

Larsson, Torbjorn (Linkoping University, Sveden)
Patriksson, Michael (Chalmers University of Technology, Sveden)

The well-known and established global optimality conditions based on the Lagrangian formulation of an
optimization problem are consistent if and only if the duality gap is zero. We develop a set of global optimality
conditions that are structuraly similar but are consistent for any size of the duality gap. This system
characterizes a primal-dual optimal solution by means of primal and dual feasibility, primal Lagrangian epsilon-
optimality, and, in the presence of inequality constraints, delta-complementarity, that is, a relaxed
complementarity condition. The total size epsilon + delta of those two perturbations equals the size of the duality
gap at an optimal solution. The characterization is further equivalent to a near-saddle point condition which
generalizes the classic saddle point characterization of a primal-dual optimal solution in convex programming.

The system developed can be used to explain, to alarge degree,when and why Lagrangian heuristics for discrete
optimization are successful in reaching near-optimal solutions. Further, experiments on a set covering problem
illustrate how the new optimality conditions can be utilized as a foundation for the construction of Lagrangian
heuristics. Finally, we outline possible uses of the optimality conditions in column generation algorithms and in
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the construction of core problems, and illustrate our findings on instances of the generalized assignment
problem.

Origin-Destination Matrx Estimation from Traffic Counts
Peterson, Ander s (Linkdping University, Sveden)

Origin--destination matrices, which specify the travel demand for all pairs of origin and destination nodes in a
traffic network, can be estimated by utilizing link flow observations. We will describe and motivate an
optimization model formulation of the generic problem and discuss how it can be handled with respect to an
implicit problem, modelling the route choice mechanism. Special attendance will be given to the problems
occurred by introducing time-dependence to the model.

Sensitivity Analysis of a Bilevel Traffic Equilibrium Problem with Welfare Constraints
Rydergren, Clas (Linkoping University, Siveden)

Transport planners currently face a major challenge to devise future transport plans to meet multiple expectations
and objectives. In this research, we aim to develop a decision-support tool for enhancing the understanding of
various transport policies and finding appropriate transport measures. We are devel oping a suitable model for the
urban transport system, together with flexible mathematical forms for expressing efficiency, equity and public
acceptability considerations in the form of objectives and constraints. The model is intended to be used for
studying the impact of various policies based on the use of sensitivity analysis expressions of the inputs to the
model. In this presentation a bilevel model is given together with solution methods for the lower level problem
and the corresponding sensitivity analysis problem.

Facility L ocation under Economics of Scalein the Case of Uncertain Demand

Schiitz, Peter (University of Science and Technology, Norway)
Stougie, Leen (University of Science and Technology, Norway)
Tomasgard, Asgeir (University of Science and Technology, Norway)

The presentation adresses facility location under uncertain demand. The problem is to determine the optimal
location of facilities and alocation of customer demand to these facilities. The costs of operating the facilities
are subject to economics of scale and customer demand is uncertain. The objective is then to minimize the total
expected cost. These costs can be split into three parts: firstly the costs of investing in afacility and maintaining
it, secondly the costs of operating a facility with strictly diminishing average costs, and thirdly linear
transportation costs. We show a solution method for this problem based on Lagrangean Relaxation. We present
computational results from the Norwegian meat industry and the location of slaughterhouses.

A Stochastic Algorithm for Constrained M ultiobjective Optimization
Shukla, P. K. (Indian Ingtitute of Technology Kanpur, India)

A stochastic method is presented for solving constrained multiobjective optimization problems. This method
may be thought of as an extension of Schéffler's method (which is based on solution of stochastic differential
equation) for the solution of unconstrained multiobjective problems. Several methods for constraint handling are
presented in this paper. Numerical results on several test problems are given. Problems with a large number of
variables as well aswith complex search space can be handled by this method. Finally using the above stochastic
method an algorithm for constrained global multiobjective optimization is presented.
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Modified Variable Neighborhood Search for the Vehicle Routing Problem with
Accessibility Constraints

Souid, Mahdi (UVHC/LAMIH/ROI, France)
Hanafi, Said (UVHC/LAMIH/ROI, France)
Semet, Fréderic (UVHC/LAMIH/ROI, France)

The classical capacitated Vehicle Routing Problem (VRP) consists in determining optimal delivery routes for a
set of homogeneous vehiclesto serve a set of customers. Each route is covered by one vehicle without exceeding
its capacity. Moreover, each route starts and ends at the same depot. Each customer is served exactly once. In
this paper, we consider the Vehicle Routing Problem with Accessibility constraints (VRPA) which is defined on
agraph of which vertices are partitioned into two sub-sets V1 and V2, served by two types of vehicles, i.e. Truck
and truck + trailer. The customers of V1 are accessible by both vehicles types whereas the customers of V2 are
only accessible by the trucks. The VRPA isageneralization of the VRP, it possesses numerous applicationsin
domains such as logistics, economic planning of distribution networks and their management.

The classic capacitated vehicle routing problem, a special case of the VRPA where V2 is empty, has been
studied extensively. The VRP is known to be NP-Hard, so VRPA is also a NP-hard problem. Generally, exact
methods for NP-hard problem do not allow even moderately-sized problems to be solved. Heuristic approaches
are needed to solve large scale instances of practical problems. Variable Neighborhood Search (VNS),
introduced by Hansen and N. Mladenovic is arecent metaheuristic which exploits systematically the idea
of neighbourhood change, both in the descent to local minima and in the escape from the valleys which contain
them. For solving the VRPA by VNS we exploit the connection of this location and routing problem with close
and particular cases. The neighborhood structures used can be classified in three categories according to the
number of routes involved in the corresponding move : i) for a unique route we use the generalized
adding/dropping procedure as proposed in GENIUS heuristic for traveling salesman problem; ii) for the two
routes we use classical VRP moves such that dropping, adding, swapping; iii) for severa routes we consider the
move which consist to open or close adepot as done in location problem.

We propose various implementations of a Modified Variable Neighborhood Search (MVNS) method for the
resolution of the VRPA, differentiated basing on the following criteria: local search method, choice of the
neighbor solution, Sequence of neighborhoods. Test problems were generated in order to validate and determine
the best implementation. MV NS method gives good results for VRPA. An improvement of MVNS method can
be obtained by hybridization with a tabu search method.

The Hub Location Network Design Problem

Thomadsen, Tommy (Technical University of Denmark)
Stidsen, Thomas (Technical University of Denmark)

Designing hierarchical telecommunication networks pose some very  difficult optimization problems. Most
solutions today involve sequential solution of a series of easier optimization problems. In this presentation we
will present the Hub Location Network Design (HLND) problem. The HLND problem combines the routing
problem, the network design problem and the hub selection problem into one problem. The objective is to
minimize the link establishment costs and the link capacity costs. We present an ILP model for the HNLD
problem. To solve larger instances of the problem we develop a cut-and-price algorithm for the LP problem,
which includes additional cuts to tighten the gap. Based on the LP solution IP solutions are generated. In most
casesthe gap is zero.

The hub location network design problem is related to several wellknown optimization problems. Network
design, Generalized Travelling Salesman and Location-Routing. The connection between the HLND problem
and these will briefly be discussed.

Design of Planar Articulated M echanisms Using Branch and Bound

Stolpe, M athias (Technical University of Denmark)
Kawamoto, Atsushi (Technical University of Denmark)

In this talk we present an optimization model and a solution method for optimal design of two-dimensional
mechanical mechanisms. The mechanism design problem is modeled as a nonconvex mixed integer program
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which alows the optimal topology and geometry of the mechanism to be determined simultaneously. The
underlying mechanical analysis model is based on a truss (pin jointed assembly of straight bars) representation
allowing for large displacements. For mechanisms undergoing large displacement elastic stability is of major
concern. We derive conditions, modeled by nonlinear matrix inequalities, that guarantee that a stable mechanism
is found. The feasible set of the design problem is described by nonlinear constraints as well as nonlinear matrix
inequalities.

To solve the mechanism design problem a branch and bound method based on convex relaxations is developed.
The relaxations are strengthened by adding valid inequalities to the feasible set. Encouraging computational
results, which will be presented, indicate that the branch and bound method can reliably solve mechanism design
problems of realistic size to global optimality.

Joint Hub Location, Node Clustering and Network Design of Two-Tiered Meshed
Networks

Thomadsen, Tommy (Technical University of Denmark)
Stidsen, Thomas (Technical University of Denmark)

In this talk we discuss design of two-tiered meshed networks. A two-tiered meshed network consists of clusters
of nodes comprising the access network tier and a backbone tier which interconnects the clusters. Each cluster
contains exactly one hub node which routes the traffic between clusters.

Designing a two-tiered meshed network involves a number of interrelated problems: Hub location, clustering of
nodes and network design. These problems have often been carried out independently, but since the problems are
interrelated, this may lead to suboptimal designs. We determine hub location, clustering of nodes and network
design jointly. A mathematical model is presented for the problem and a bound is derived. Also a GRASP
heuristic isimplemented to obtain feasible solutions.

Tiers exists because of limitations in communication equipment, e.g. hop limits, organizational advantages, e.g.
easier upgrade and the observation, that a two-tiered network seems to cope with changes in the traffic better
than a network without tiers. However, enforcing tiers does incur some additional cost. This is clear, since any
two-tiered network is also a feasible solution when networks without tiers are considered. For that reason we
investigate how much cost isincurred by enforcing two tiers, i.e. we compare with networks without tiers.

Supply Base M anagement

Wallace, Stein W. (Molde University College, Norway)
Aas, Bjarnar (Molde University College, Norway)

The purpose of this presentation is to outline arather new project at Molde University College. The project isin
cooperation with Statoil, the major Norwegian oil company, and is focused on the supply base Vestbase in the
town of Kristiansund, north of Molde. The base supplies about ten drilling and production platforms off the
Norwegian coast with all types of equipment they need for daily operations. Supply vessels are used for goods
and helicopters for people. Our main focus is on the scheduling of vessels to the platforms.

Methods for Some Linear and Quadratic Optimization Problems Defined on a Set of
Orthogonal Vectors

Wedin, Per-Ake (Umed University, Sveden)

For several practical optimization problems one wants to find a minmizer that belongs to a set of orthonormal
vectors. In most cases these problems are 3-dimensional and related to rigid body movement,
tereophotogrammetry and similar applications. However,there are also, e.g. in psychometrics, quadratic or linear
optimization problems over a set of m*n-matrices Q with orthonormal columns ak.a. a Stiefel manifold.
Interesting properties that set problems of this kind apart are the following: (1) The function to be minimized is
nice. It is always convex, while the set that we optimize over is non-convex and fairly tricky. (2) It is possible
to get a useful unconstrained LOCAL representation of the optimization problem while the constrained
representation is needed globally. (3) Some optimization problems of this kind, e.g. the Procrustes problem, have
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a unique minimum thar can be attained by using the singular value decomposition. (4) There are several
optimization problems of this kind where the number of local minima will grow very fast with the number of
orthogona vectors to be optimized over. (5) Geometrical considerations combined with Lagrange multipier
theory are useful analytic tools.

Thomas Viklands, Ume, has developed an algorithm and furthered the analysis for one problem of this kind, the
Penrose-Procrustes regression problem. Viklands has shown that this problem can have 2*n local minima. Here
n is the number of orthogonal vectors for which the optimization problem is defined. Vikland’s algorithm tries to
find al the minima of the P-P problem.

In this talk we will summarize the state of the art of the research in this area with special emphasis on the
Penrose-Procrustes regression problem.

A Hierarchical Neighbourhood Search Method for Topology Optimization

Svanberg, Krister (Royal Institute of Technology, Sveden)
Werme, Mats (Royal Ingtitute of Technology, Sweden)

In topology optimization of continuum structures, a fixed design domain is given. The infinite dimensional
problem then deals with finding an optimal subdomain of the given design domain to fill with material. In
practice, the design domain is discretized, so that the objective and constraint functions can be computed via the
finite element method. The design of the structure is represented by binary design variables indicating material
or void in the various finite elements.

We present a hierarchical neighbourhood search method for solving topology optimization problems defined on
discretized linearly elastic continuum structures. Two different designs are called neighbours if they differ in
only one single element, in which one of them has material while the other has void. The proposed
neighbourhood search method repeatedly jumps to the “best" neighbour of the current design until a local
optimum has been found, where no further improvement can be made. The “engine" of the method is an
efficient exploitation of the fact that if only one element is changed (from material to void or from void to
material) then the new global stiffness matrix isjust alow rank modification of the old one. To further speed up
the process, the method is implemented in a hierarchical way. Starting from a coarse finite element mesh, the
neighbourhood search is repeatedly applied on finer and finer meshes. Numerical results are presented for
minimum weight problems with constraints on respectively the stiffness of the structure, strain energy densities
in al non-void elements, and von Mises stresses in al non-void elements.

Minimum-Energy Broadcasting and Multicasting in Ad Hoc Networks: Some
Integer Programming For mulations and Computational Experiences

Yuan, Di (Link&ping University, Sveden)

Broadcast (multicast) routing in awireless network involves the construction of a broadcast (multicast) tree used
by a source node to send messages to some other nodes in the network. The energy consumption of the tree isthe
sum of the transmission power at the nodes. The optimization problem of finding a broadcast (multicast) tree of a
minimum amount of energy arises in applications of wireless networking where network units must be energy-
aware. An example of such wireless systems is ad hoc networks. In this talk we present some integer
programming formulations for this problem and report our computational experiences.
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