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Abstract

Normals of triangular faces are essential vectors in maggsaof
computer graphics. In this paper we will deal with methodsfar-
mal computation of triangles under linear soft-body defation,
i.e., the triangles which deform in time so that each vertaxels
independently along its linear trajectory. Linear defotiora can
be found in mesh morphing, cloth simulation, physical setioh,
etc. We will demonstrate five different approaches for teralface
normal interpolation, one of them is new, and we will disctinesr
pros and cons.

1 Introduction

Normal vectors are important vectors in many areas of coemput
graphics. For example in shading, they are used for lightehod
evaluation [Phong 1975][Gouraud 1971]. In rendering they a
used for back face culling to exclude primitives, which cat n
be visible, from the rendering pipeline and thereby redydire
amount of primitives to be sent to the graphics pipeline.dmpu-
tational geometry they are used, e.g., for point contairimeeries,

to distinguish between the interior and exterior of objedtscol-
lision detection they are used for example for collisionprese
computation [Eberly 2004].

A normal vectorN at a pointP of the surface S is a vector per-
pendicular to the surfac8 at pointP. In computer graphics we
usually work with some approximation of the real surfaceelu
its simplicity a piecewise linear approximation is veryasftused to
represent surfaces. Here a surface is described by a setrafutar
faces. Such representation is called a mesh. It is a veryspidad
representation because it is very easy to modify, store ender
since it is supported by graphics hardware.
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sistent orientation of faces, i.e., order of vertices whiefine the
face. Face normals are used for example in flat shading, wehere
light model is evaluated only once for one face, then theefdice

is filled with one single color. It is of course very fast bue tfinal
image may produce Mach bands, which are disturbing.

In many graphics applications it is required to compute radsm
for the vertices. A usual approach for computation of a ventar-
mal for the vertew is to take a weighted average of normals of faces
which are incident to the vertex There are several strategies for
which weights to choose [Jin 2005] e.g., area of the facesath
gle between the edges at the vertexetc. Again, face normals are
essential. Normals at vertices can then be interpolatedtbedace
resulting in smooth normal variation, which is essentiahiading.

So for vertex normal computation it is required to computeftte
normals as well.

Many problems in computer graphics have t-variant natuee, i
data change in time. In the case of meshes, meshes may move in
space, rotate, deform, etc. Once the mesh is modified it sssacy
to update the normals as well to be able to carry out operatsn
described above with respect to a current state of the mesally
we have some static version of a certain operation and when th
state of the mesh is changed the operation is recomputeddingo
to the new state of the mesh. It is simple but in some casesyit ma
be very slow.

The normal computation methods for t-variant meshes can be
categorized into two groups according to what kind of motios
mesh performs. The first group is rigid body-motion. In thegdd
body motion the relative position of any two vertices stayedi
during the transformation and the object transforms as otigye
[Karni 2004]. Examples of rigid-body motion are rotationdan
translation. The second group is soft-body motion. In thig- so

In the case of meshes we usually do not define a normal in eachbody motion there are no restrictions on change of relatigition

point of the surface. Instead we define the normals of eadepie
wise linear segment, i.e., triangular face. Then it is sgppahat
the normal is constant over the whole face. The normal ofdhe f
is usually computed by taking the cross-product of two edifes
the triangle. In fact we can use any two vectors which lay & th
plane of the face and which are not parallel. Nonetheles® shre
triangular face is defined by three vertices, the easiesttavagm-
pute the face normal is to use two edges. Note that there\asg sl
two possible face normals depending on which order of westic
we choose for normal computation. It is usually required i
normals of the mesh are consistently oriented, which irsptian-
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of any two vertices; each vertex can travel along its trajgcinde-
pendently of the other vertices.

The rigid-body motion can be expressed by a transformation
matrix A. Then the normal vectors of the transforming mesh un-
der rigid-body motion is transformed by the inverse trasspof
the Jacobian matrig of the transformation matriR, thus(J=1)T
[Gomes 1999]. Moreover, if the transformation is lineae tior-
mal field is transformed by the matrik directly, because if the
transformation represented by the mathixs linear then it holds
that(J~1)T = J = A. In soft-body motion, as there are no restric-
tions on the motion, no global transformation can be appiethe
normal vectors, as in the rigid-body motion case.

As in many computer graphics disciplines there is always dis
crepancy between fast computation and exact computatiomeS
time critical (real-time) applications require fast cortation and
some inaccuracies up to some level are excused, a typicaipea
is shading. Other applications require the highest pasgbéci-
sion and may wait for an exact result if necessary, e.g.,tain-
tainment tests are very critical and some inaccuracy in ¢selt
(inside/outside) may have large consequences.

In this paper we will deal with face normal computation of
meshes under linear soft-body deformation, i.e., eaclexdrav-



Figure 1: A Triangle deforms from the initial positiag, b, co to
the final positioray, by, ¢y .

els independently along its linear trajectory. In sectiowewill
describe five approaches for face normal interpolation.ebtisn

3 we will compare described approaches from the time consump
tion and accuracy point of view and we will discuss pros anasco
of each method. Section 4 concludes the paper together aiitle s
ideas for the future work.

2 Face Normal Interpolation

First let us describe more specifically our setting. We ssppo
that mesh is deforming in time so that only the position of-ver
tices varies; the connectivity (i.e., interconnection eftices by
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Figure 2: : (a) linear interpolation, (b) quadratic intdgimn, (c)
higher degree interpolation.

trajectories with the same direction and the same lengtheqea-
tion (2) is degree one polynomial. If all three trajectoifese the
same direction and the same length then equation (2) isammnst
i.e., not time dependent. By evaluating the degree two mofyals
we obtain the exact normals. The advantage of this appreablat
the coefficients of the degree two polynomials can be precoscp
in a preprocessing stage. Moreover, the quadratic polyalsroan
be evaluated by the Horner scheme (6 additions, 6 multipics).
It should be noted that the computation can be reduced fuathe
explained later. The length of the normal is proportionghtoarea
of the face and therefore normalization is required. Thenadiza-
tion can also be included into a t-variant formula:

n(t) = (b(t) —a(t)) x (c(t) —a(t))
[[(b(t) —a(t)) x (c(t) —a(t))||

The resulting evaluation is thus more complicated.

@)

edges) is always the same. We know the current state of the mes 2.2 Lagrange interpolation

at timetp and we also know the future state of the mesh at time
t1, which is usually given by some simulation process (e.dli-co
sion detection). An individual state of the mesh will be redd to

as a keyframe. We suppose that the trajectory of verticesdast
individual keyframes is linear. More complicated curveajdcto-
ries can be approximated by piecewise linear curves and pur a
proaches can be applied separately for individual linegmsats

of the trajectory. As the triangular mesh is just a set ohfylas we
will first consider only one moving triangular face. The wgtis
demonstrated in figure 1. A triangle deforms from the initiaki-
tion ag, bg, g to the final positioray, b1, c;. The vertex trajectories
a(t),b(t),c(t) are linear. We can easily compute the initial normal
ng (for the initial position of the face) and the final nornmal (for

the final position of the face). We are interested in how to pot®
the face normanh(t) when the face deforms between the initial po-
sition to the final position so that it more or less respeadtiangle
deformation.

Linear interpolation (degree one Lagrange interpolatadmormal
vectors is described by the following expression:

n(t) =ng+t(ny —no) (4)

whereng is an initial normal anch; is the final normal. This ap-
proach is used for example in spatial normal interpolatioRliong
shading. In fact, here, the vector is treated as if it was atpdti is
fast but not sufficient because the intermediate normalfaafeom
being perpendicular to the triangle; furthermore the midiate
normals need to renormalized figure 2(a). Higher degreedragy
interpolation fits better the true behavior of the face ndsrbatt it
is always a tradeoff between a better fit and an oscillatientdihe
higher degree of the interpolation function. Also, unitgénis not
preserved. It is demonstrated in figure 2. Figure 2 (a) showesit
normal interpolation, and it can be seen that intermediatenals
(gray) do not have unit length. Figure 2 (b) shows degree tevo L

The simplest approach is to recompute the face normal in eachgrange interpolation which needs an additional interntediarmal

time instant by taking the cross-product of the edges, i.e.:

n=(v1—Vp) x (V2 — Vo) 1)
wherevg,Vvy,V, are vertices of triangle. The result is exact, but
it requires a cross-product computation (9 additions, 6tipliil
cations) and normalization and therefore we are lookingotber
methods, which are perhaps less accurate but faster. Anyhew
need to approximate the normal in a good way.

2.1

We can use the usual cross-product approach but insteadnaf us
vertex coordinates we use the trajectories of verticesugP2006],
i.e.

t-variant cross product

n(t) = (b(t) —a(t)) x (c(t) —a(t)) )
Since the vertex trajectories are linear then the resultisggee
two polynomial for each component of the normal. If theretare
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np, to fit a quadratic interpolation curve. Figure 2 (c) showshkig
degree Lagrange interpolation where a number of internediar-
mals are required to precompute the interpolation curvegiritbe
seen that due to the high degree of the interpolation polyaidime
normal is oscillating.

2.3 Vector SLERP

SLERP (Spherical Linear intERPolation) [Glassner 1998]tisch-
nique for interpolation of vectors, which maintains uniid¢h, it is
defined as:

sin((1—t)@)ng+sin(td)n;
sin(@)

whereng, ny is the initial and target normal respectivelyis the
angle betweeng, ny. This approach preserves unit length normals
but again the direction of the normal is far from being perietar
to the intermediate triangles.

S_ERP(I’IO7 n17t)
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matrix we obtain a rotation matriR which can be converted into
a quaternion representatigriEberly 2004]. In this way we obtain
guaterniong]g andqq, representing the initial and the final orienta-
tion of the face, respectively. To obtain intermediate redem(t),
quaternions are interpolated using quaternion SLERP (gbra-
tion of vector SLERP for quaternions in 4D), i.e.,

q(t) = SLERP(qo, qs,t) (6)

and intermediate quaterniaf(t) can be converted back to the
orthogonal matrixR(t) and the normal is extracted from the last

Figure 3: (a) a demonstration of deCasteljau algorithm émtars, column ofR(t). It is demonstrated in figure 3(b) where the trian-
the gray thick arrow represents application of SLERP on @ s gle a, b, ¢ with the frameFy is transformed in the triangle,b’, ¢
cessive normals, (b) quaternion interpolation of face mytnans-  jith the frameF;. The intermediate quaternia(t) is converted
formationM transforms the triangle, b, ¢ to the trianglea’, b’, ¢ to the frame(t(t),b(t),n(t)) and the intermediate normalt) is
andng to ny. The frameF; = (t1,b1,ny) is computed by trans-  extracted. The question is how to set the fraigaand F1. We
forming Fg = (to,bo, o) by the transformatioM. use following scheme. First we compute a transformatiorrimat

T which transforms vertices of the initial triangle to the tiees
of the final triangle, moreover we want that the transfororai
2.4 Spherical deCasteljau transforms also the initial normal to the final normal. Alhclition

. . . : ) can be expressed by a matrix equation, i.e.:
A slightly better idea is to compute several intermediatamads

exactly (as in higher degree Lagrange interpolation) aekpo-

late these vectors on the surface of the unit sphere. In #ss,@a M[@oboCoto] = [1b1¢1a] ™
generalized deCasteljau algorithm for spherical intexfioh can be where ag, bg, etc. are column vectors, e.ggy =
used. The deCasteljau algorithm is well known for fast getien [aox,aoy,aoz,l.o] . The matrixM can be computed as:

of Bezier curves. It is basically a recursive subdivisiorthaf con-

trol polygon of the Bezier curve which converges very quicid M = [asb1c1n4][agbocono) ~* (8)

the curve. For example, let us haweertices of a control polygon ) o
and we want to compute the point on the Bezier curve defined by ~ Then we set an arbitrary fran#&, for the initial face. For the
the control polygon for the parameter valige We subdivide each ~ frameF; we have to choost andb; sincen is given. We com-
of then— 1 edges of the control polygon in the ratign (1—t). It puteb; by transformingog by the matrixM, i.e.,by = Mby, t1 is
results in a new control polygon with— 1 vertices anth— 2 edges.  then computed as cross producigfandby, i.e.,t; = ny x by.
The same procedure is recursively repeated until only oge est
mains and by subdivision of this edge we end up with a point on
the curve. The generalization of deCasteljau algorithnidsirvec-
tor interpolation means that we replace line segments wibhtest
great circle arcs, i.e., the line segment subdivision stepplaced
by SLERP of consecutive intermediate normals.

It is demonstrated in figure 3(a) where we have an initial nor-
mal ng o, a final normalng 3, and two intermediate normais ¢
and ng», (e.g., in the timet = 0.33 andt = 0.66). When we
want to compute normat; at timet we compute normalsi o,
ny1, Ny by applying SLERP on pairs of successive normals,
i.e., n]_ﬁO': S_ERP(I’]OA’(), I’l()ﬁ]_?t)7 Ni1= S_ERP(I’IOA’]_7 I’]oﬁ27t)7 Ny =
SLERP(ng2,Ng 3,t). This process is repeated until one single nor-
malnz 1 is obtained.

3 Comparison and Discussion

We compared the approaches described in section 2 from tintspo
of view. The first aspect is the quality of the interpolatiordahe
second aspect is the time consumption. The quality of ther-int
polation is measured as follows. The time interval (usugdiy])

is sampled and in each samplen anglea; between the exact
normal (computed by the cross product) and interpolatechabr
(computed by some interpolation approach described inosect
2) is computed. Angles between the exact normals and interpo
lated normals in individual samples are summed and thetnegul
numberq represents the quality of the interpolation scheme, i.e.
g=7y a,i = 1..nwherenis the number of samples.

2.5 Quaternion SLERP zg.
In this section we will present our idea which is based on geeaf g’ §§ gg @ v

quaternions [Shankel 2000] in order to interpolate the fawenals. |\, maiinterpolation 0‘

First Igt us reca]l MO important identities, which we wilelin the iipnprorach # faces: 11583836 # faces: 4;1573& # faces: 345:3;38 # faces: zzlgggl

following description: _ _ Quadraii 4820 15792 9681 5425
Definition 1: Rotation in 3D around an axsby an anglep is Cubic 1906 6444 3640 1572

represented by a 3x3 rotation matRxor by a quaternio [Shoe-  {eaniantcross product oot e~ T oo

make 1985], [Eberly 2004]. Both representations are etpriva Spherical deCasteljau 7039 21772 16068 7647
Definition 2: The matrixR of a rotation transformation is or- Quatemion SLERP 17768 28492 42831 19202

thogonal and its columns (and rows) are having unit lendtbs t

the matrix of the rotation forms an orthonormal frame. Table 1: Comparison of different normal interpolation aygmhes.
The central idea is to set an orthogonal frafe= (ng,to,bo)

for the initial face and set an orthogonal fraffe= (n1,t;,b;) for We tested different interpolation approaches on a morphing

the final face. To set a framfe= (n,t,b) means to associate one imation, where a mesh composed of triangles deforms from one
vector of the frame with the normal of the fanechoose a tangent  shape to another shape so that the trajectories of individuaces

t which lies in the plane of the face (e.g., an edge of the ttggng  are linear. The numbers in table 1 represents a quality efpota-

and compute the binormalby taking the cross product ofandt, tion for the whole mesh, it is computed as a sum of quality tefin
i.e.,b =nxt. By organizing the column vectotsb,n into a 3x 3 polation of individual triangles of the mesh, i.Q@ =5 gj,j =0..m
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wheremis the number of triangles of the mesh amds the qual-

Method

Requires
normalization

Computation

ity of interpolation of j-th triangle. The numbers in table 1 must

Linear interpolation

yes 3 linear interpolation,. f4)

always be viewed with respect to the number of triangles aed t

Quadratic, cubic
interpolation

yes 3 evaluation of degree two (quadratic inteqr.jlegree three

(cubic interp.) polynomials

number of samples. Rather then absolute values it is morerimp

t-variant cross product

yes (Eq. 1)
no (Eq. 2)

3 evaluation of degree two polynomials (Eq. 2)
3 evaluation of rational polynomial (Eg. 3)

tant to compare ratios between different methods, e.garitlme

Vector SLERP

no 1 SLERP

seen that quadratic interpolation is almost 4-times béiin sim-
ple linear interpolation. The second, third and fourth rdvevgs

Spherical deCasteljau

no n(n-1)/2 SLERPs, where B the number in precomputed

normals

Quaternion SLERP

no 1 SLERP, quaternion to matrixeversion

the results of normal interpolation described in Sectigh ZThe
row t-variant cross product shows the result of the apprdemh
the Section 2.1. The row Vector SLERP shows results of method
described in the Section 2.3. Results of vector interpmhatising
generalized deCasteljau algorithm (Section 2.4) are shiowthe
Spherical deCasteljau row. The last row shows the qualityoof

mal interpolation using quaternions.

From table 1 it is clear that the best approach from the gualit
point of view is the t-variant cross product approach whigreg
exact normals, i.e., it is not really an interpolation agmte The
other approaches (except the quaternion approach) hamofiesl
vectors as usual vectors, i.e., it is not respected that alsraector
are perpendicular to some surface and in fact, these ag@saan
be used for the interpolation of any vectors. The secondtwessit
is obtained by linear interpolation. Better results can tldeved
by quadratic or cubic interpolation (up to 90% improvemeiit)e
worst result was achieved by SLERP of normal vectors. Thétgua
of interpolation by spherical deCestaljau approach depenchow
many intermediate normals we use. In this case we used iaitth
final normal and two additional intermediate normals. Thateu
nion SLERP approach has slightly better results (on avesihgat
5%) than simple linear interpolation.

Table 2: Comparison of various normal interpolation apphes
from time consumption point of view in terms of elementargop
ations.

sequential access. Random access means that we can jungrniom
time instant to another. Sequential access means that thie dee
formation is sequentially played; in this case incrementathods
(using temporal coherence) for computing SLERP [Barrer@4p0
or polynomial evaluation [Hast 2003] can be used. For exanl
degree two polynomials can be evaluated by an incrementhlatie
using only two additions.

4 Conclusions and Future Work

In this paper we showed five approaches on how to compute nor-
mals of triangular faces under linear deformation. It isckhat the
Linear interpolation approach always will be faster thay ather
approach but it will also have very bad results when the deder

The problem of Quaternion SLERP approach is that there are antion is dramatic. The higher degree Lagrange interpoldtidietter

infinite number of frames configurations that representdle bri-
entation. First, we generated a pair of random frafg¢for the
initial face), F1 (for the final face) and we tested the quality of in-
terpolation. A random frame is given by a normmadf the face, an
arbitrary vectot lying in the plane of the face and a binormal vec-
tor b computed adH =n x t. Different configurations of random
frames lead to different quality of interpolation. We didt rsoic-
ceed in devising a deterministic algorithm for computatidrbest
pair of frames configuration (from the interpolation quatibint of
view). Our frame computation based on the transformatiotrirna
in equation (8) which maps the initial face to the final facelgs
good results, however some specific frame configurationsoled
better interpolation quality.

Next we will compare various approaches from the time con-
sumption point of view. We will not present exact timing it
is dependent on how various elementary operations (SLEB$5-C
product, polynomial evaluation, etc.) are implementedm&mf
them can be implemented in hardware so that their execution ¢
be very fast. We will express the time consumption in termslef
mentary operations, so that one must always decide whiatoapip
is the most suitable according to the actual applicatiotfqote.

Elementary operations used in table 2 are polynomial evalua
tion, SLERP and quaternion to matrix conversion. Polyndbmia
evaluation is used in the Lagrange interpolation approachia
the t-variant cross product approach. Polynomials can b&iev
ated by the Horner scheme which saves some multiplications i
comparison with usual evaluation of polynomial in mononfaain.
SLERP is used in the Vector SLERP approach and in the de€astel
jau approach. SLERP requires evaluation of trigonometrie{
tions which are computationally expensive, but it can beedpg
by an incremental approach which was described Barreraist al
[Barrera 2004].

Quaternion to matrix conversion is used in the Quaternion

SLERP approach. Note that in our case we need to extract only

one column from the matrix, i.e., the normal. Itis also inpat to
decide whether we need random access to the deformatioistor ju
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but still it is just an interpolation of vectors and in someses it
does not capture the face deformation well.

The t-variant cross product approach gives exact face nerma
the lengths of normals are proportional to the size of facié can
be directly used for vertex normal computation weighted loy t
area [Parus 2006]. If unit length normals are required, hath
grange interpolation and t-variant cross product appresachquire
additional normalization.

Approaches based on SLERP do not require vector normaliza-
tion since the vectors are interpolated on the surface olutlie
sphere. The problem of Spherical deCasteljau approachaigtth
interpolates the initial and final normal but it just approzites the
intermediate normals (in the same way how Bezier curve appro
mates the control polygon). So it is not useful when we watetrin
polate exactly some vector different then the initial arelfihal.

The new quaternion interpolation approach is differennfrre-
vious approaches (except t-variant cross product appybedause
it interpolates frames instead of vectors. Interpolatibthe frame
may capture better the true triangle motion and thus it cadyme
more accurate normals then the simple Vector SLERP approach
Like the linear interpolation approach and the Vector SLERP
proach it has the advantage that no intermediate normafeass-
sary to compute exactly in order to set up the interpolat@rttie
animation.

In the future work we would like to study the Quaternion inter
polation approach. It has promising results because byriexpets
we found out that some frame configurations lead to a beti@F qu
ity of interpolation than others, so we would like to find sdidime
configurations which lead to the best possible quality ofttvenal
interpolation.
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