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Abstract

Spherical linear interpolation has got a number of impdrégopli-
cations in computer graphics. We show how spherical intarpo
tion can be performed efficiently even for the case when tigéean
vary quadratically over the interval. The computation ve#l fast
since the implementation does not need to evaluate anyhsiget-
ric functions in the inner loop. Furthermore, no renormetian
is necessary and therefore it is a true spherical interipolafl his
type of interpolation, with non equal angle steps, shoulduge-
ful for animation with accelerating or decelerating movetse or
perhaps even in other types of applications.

1 Introduction

Spherical linear interpolation (SLERP) [Glassner 1999 bat a
number of important applications in computer graphics, ifer
stance in animation [Shoemake 1985]. SLERP is differemnfro
linear interpolation (LERP) in the way that the angle betweach
vector or quaternion [Shankel 2000] will be constant, he. hove-
ment will have constant speed. In the following text we waliar to
quaternions even though everything presented can be useddo
tors of any dimension. Nevertheless, the most probablécatian
is for animation and here SLERP is used to interpolate quiates.

LERP requires normalization and will also yield larger &gl
in the middle of the interpolation sequence. This will caase
mated movements to accelerate in the middle, which is somasti
undesirable [Parent 2002]. However, if we can control treekra-
tion it should be useful in some cases since movements do@é-no
ways have equal speed. There is already something calleztiSah
Quaderatic Interpolation [Watt 1992], which involves quetilr in-
terpolation between two linear interpolations and is tf@eesome-
thing completely different from what we propose herein. ur o
case we will have a quadratically varying angle, ie. the siep
will will increase linearly.

The formula used for SLERP is

sin((1-1)0)
sin(0)

sin(to)

2 sin(0) @

q(t) = o
wheret € [0,1], and®@ is the angle betweety andg, computed as

)

Note thatq can be a quaternion or a vector of any dimension as
explained above.

6 =cos (g1 - o)
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It has been shown that SLERP can be efficiently performed with
out any computation of trigonometric functions in the int@op
[Barrera 2004]. In this paper we will show that it is possitde
compute SLERP with a quadratically varying angle in a simila
way. This type of interpolation should be useful for casesmvtihe
speed of the movement is close to quadratic, i.e accelgratide-
celerating. The movement will be quadratic and the angleden
two intermediate quaternions will increase linearly.

In [Barrera 2004] a number of alternative approaches are dis
cussed that give efficient computation in the inner loop. fEiséest
one is the approach which uses Chebyshev’s recurrenceej@arr
2004] but it requires equal angle interpolation. Anotheprapch
uses the De Moivre’s formula [Hast 2003] and we shall corregat
on this approach in this paper since it can be changed to aafiad
ically varying angle interpolation quite easily.

1.1 Fast Incremental SLERP
The equation (1) can be rewritten as

®3)

whereq is the quaternion obtained by applying one step of Gram-
Schmidt’s orthogonalization algorithm [Nicholson 1998Hahen

it is normalized. The following code in matlab performs tbjzer-
ation and is assumed to come before the following code exasnpl

d(n) = gacognKg) + go Sin(nKg)

qo=qg2-(dot(q2,q1))*ql;
qo=qo/norm(qo) ;

The quaterniom is orthogonal tay; and lies in the same hyper
plane spanned bg; andgp. Furthermore, if there ardesteps then

1
the angle between each quaternioijs= %kql'q”.

theta=acos(dot(ql,q92));
kt=theta/k;
q(1,:)=ql;

The code that follows on these three lines can be used forasmp
ing incremental SLERP. Usually SLERP is computed usingtriy
metric functions in the inner loop in the following way

b=kt;

for n=2:k+1
q(n, :)=ql*cos(b)+qo*sin(b);
b=b+kt;

end

However, by applying the De Moivre’s formula [Nicholson 59
it can also be computed efficiently using complex multigicain
this way

Z1=cos(kt)+i*sin(kt);

Z=71;

for n=2:k+1
q(n, :)=ql*real (Z)+qo*imag(Z) ;
2=71%Z;

end



We can split the complex multiplication for each step int@tw
different steps. But first we shall discuss quadratic irdkgpon in
general in next section.

1.2 Quadratic Interpolation

We will start by showing how the quadratic interpolation BfERP
can be setup. Then in next section we will show how it can be
computed efficiently. In [Hast 2003] it is shown how a quaidrat
interpolation can be setup so that it is computed by 2 additanly
as it was proposed for shading by Duff [Duff 1979].

It is shown that a quadratic recurrence

t(n) = An>+Bn+C 4)

wheren = [1..k] can be evaluated as
tiig =t +dt %)
dti, 1 = dt; +d’t (6)

wheredty = A+ B, d?t = 2A andC = 0 since we always start from
the beginning of the interval between the vectors or quaiesn

2 Spherical Interpolation with Varying An-
gle

We can now put together an algorithm that uses the De Moivre’s
formula to interpolate spherically with a varying anglet us first
split the angle

a=ag6
B=06—-a

)
(8)
whereo € [—1,1] is a scaling factor that will affect the change in
speed.

Now we need to split u® so that we will have a recurrence
going from 0 tof usinga andp in k steps. We can do this by

9)
(10)

A=a/K?
B—B/k

To prove that this is the right way to do it, we put this into agu
6—a

tion (4) forn =k and we get
_ (92 _
t(k)_(k2>k ( k )k_e

We know how to interpolate the angle quadratically and we can
perform the spherical interpolation as exemplified in tHifang
matlab code

1y

theta=acos(dot(ql,q2));
A=sigmaxtheta; B=theta-A;
A=A/ (kxk); B=B/k;
d2t=2%A;

dt=A+B;

t=0;

for n=1:k

t=t+dt;

dt=dt+d2t;

qn(n, :)=ql*cos(t)+qo*sin(t);
end
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Figure 1: Interpolation witlo = 1.0.

>

Figure 2: Interpolation witlo = 0.5.

We can now set up the SLERP with Quadratically varying angle
by using the approach recently explained and the code become

A=sigma*theta; B=theta-A;
A=A/ (k*k); B=B/k;

Z1=cos (A+B)+i*sin(A+B);
Z2=cos (2*%A)+i*sin(2*A) ;
Z=1;

for n=1:k
Z=7%71;
Z1=71%72;
ql*real(Z)+qo*ximag(Z)
qd(n, :)=ql*real(Z)+qo*imag(Z) ;
end

3 Results and Conclusions

We have shown how fast incremental spherical interpolataonbe
performed for a quadratically varying angle, which can beduer
animation of accelerating and decelerating movements.

Figure 1 shows how the angle increases in the interpolatiene
o = 1.0. Figure 2 shows that the rate of change can be modified by
o. Hereg = 0.5. If ¢ is very small then the approach becomes
regular SLERP as shown in figure 3.

It is also possible to create a decelarating movement in & sim
lar way by lettingo < 0. We have not investigated how the other



Figure 3: Interpolation witlo = 0.000001.

approaches for incremental SLERP can be modified for theéngry
angle approach but is something that should be done in theefut
Hopefully this approach can be useful for animation and rodipe
plications. It is fast since no trigonometric functions dee be
evaluated in the inner loop and the resulting quaterniongociors
will have unit length (if the starting and ending quaterrsitwectors
have unit length)
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