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Abstract 

The presented work is currently focusing on the dy-
namic analysis of a worm gear drive mechanical 
system by multibody contact simulation of a force 
constraint problem and efficiency analysis. Such sys-
tems can be modelled by a Two-Sided Wedge Mecha-
nism (TSWM )as Translational Designed Dynamical 
Model where worm gearmesh friction contact is exhib-
ited on a plane by two slope active contact lines be-
tween conjugated wedge-like rigid inertial bodies via 
the presence of backlash. This model has been devel-
oped to simplify visualization of internal contact condi-
tions and force/reactions distributions resembling a 
screw-like worm gear mesh. The different dynamical 
regimes of motion (called as “tractive” and “inverse-
tractive”) are resulted with respect to the type of a 
Force Transfer Function between reduced dynamic re-
actions and appropriate force constraints. The transi-
tion from one regime to another physically means in-
stantaneous lose and re-establishing contact line due 
to the backlash which is resulted in discontinuous 
event at the force contour/flow level. The mathematical 
problem formulations have been resulted in the resid-
ual ODE form with unpredictable discontinuities in the 
right-hand side within the set of the Force Transfer 
Functions. An additional Switching function for control 
and numerical realization of motion in different re-
gimes has been included. The problem has been tested 
by MATLAB ODE solver with added switching condi-
tions that incorporated into continuous ODE system. 
The reduced model parameters of a real-life Motor 
Operated Valve with the worm gearbox are used in the 
numerical simulation.  

Keywords: Multibody contact systems, internal force 
contour, friction, force transfer function, switching 
function and logic, discontinuities.  

1. Introduction 

The Worm gear reducers are essential elements in the 
mechanical drive systems including vehicles, tracks, 

lifts, cranes, valves etc. The dynamically different re-
gimes of motion which dealing with qualitative level of 
internal force/power flow and efficiency is very actu-
ally for the worm gear drive design  relies on specific 
conditions of a sliding friction contact and backlash be-
tween gear components. By involves the multibody 
contact model approach and partitioning co-ordinate 
method [1], an assembly motion of a conjugated rigid 
and inertial bodies is acceptable for gear dynamics. 
Such design dynamical systems with structural-
variable properties on the force constraints level can be 
classified as discontinuous dynamical systems with re-
spect to unpredictable time events causing by system 
transitions from one dynamic regime of motion to an-
other. On theoretical level, the Discontinuous systems 
is well discussed in [2,3] and its numerical realization 
has been developed in [4]  by using switching logic 
approach based on incorporated monitoring tools into 
the ODE systems in the form of switching functions.  

The internal dynamic loads (reduced reactions) and ap-
propriate varying relationships at the Worm Gear Mesh 
are represented by compatible set of the Force Transfer 
Functions. Such force/load parameters are the main ob-
ject of simulation and qualitative system analysis for 
diagnostic as well. The corresponding Two-Sided 
Wedge Mechanism as dynamical translational ana-
logue model of the Worm Gear Drive has been devel-
oped which can satisfied all possible regimes of mo-
tion.  The computer–aided formulation of the mathe-
matical model with embedded switching conditions for 
numerical simulation of motion with discontinuous 
kernel is discussed. The discontinuities are treated 
separately on the force constraints level as time events 
and deals with jumps within the Force Transfer Func-
tions.   

2. Design Model   

2.1   Description and assumptions  

The Design Dynamical Model of the Worm Gear 
Drive system that modeled by a Two-Sided Wedge 
Mechanism (TSWM) shown in fig 1. The model can 
be classified as translational and dynamically struc-
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tural variable Multibody system with respect to the 
contact type and appropriate force constraints.  The 
worm gear mesh contact is exhibited on a plane 
model by two slope active lines (a-a) and (b-b) be-
tween conjugated wedge-like rigid and inertial bod-
ies via the presence backlash. This model has been 
developed to simplify visualization of variable inter-
nal force distributions according to the sliding fric-
tion contact conditions resembling a screw-like 
worm gear mesh and to separate motion into two dif-
ferent dynamical regimes called as “tractive” and 
“inverse-tractive” corresponds to relationships be-
tween internal force components (reactions) and 
contact conditions. 
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Figure 1. Two-Sided Wedge Mechanism. The Transla-
tional Multibody Model of the Worm Gear Drive System 

The assumptions have been accepted as follows. 

The inertial bodies 1m  and 2m are realized an assem-
bly motion in generalized rectangular co-ordinate 

21, xx with relative motion to each other via one of two 
slope contact surface-line (a-a) or (b-b) through pres-
ence of negligible clearance. The absolute bodies’ 
motion along co-ordinate directions are restricted by 
ideal support guides 3. The interconnected mass are 
divided on a driving mass 1m  and driven mass 2m re-
spectively. They can be derived by following reduced 

formulas: 2
222

2
111 /,/ RImRIm ∑∑ == , where 

1∑I  - summarized moment of inertia of a drive ele-

ments, which connected to the worm shaft, 2∑I  - 
summarized moment of inertia of the driven ele-
ments, which are  connected to the wheel shaft, 

21, RR  - radiuses on the pitch cylinders of the worm 
and worm wheel respectively.  

The negligible clearance between TSWMs bodies 
identifies the worm gear mesh backlash and instanta-
neous transitions during contact-case modifications. 

The contact conditions at the TSWM are subjected to 
the pure sliding friction law resembling to the worm 
gear contact. 

2.2 External forces  
The generalized forces 1F  and 2F (fig.1), which ap-

plied to the mass 21,mm  respectively and  acts 

along the coordinate directions 21 0,0 xx  are repre-
sented an external force contour components.  

 
Figure 2. AC motor torque/speed characteristics  
For the real-life Motor Operated Drive systems, the 
force 1F  can be expressed according to the start AC 
motor characteristic shown on fig.2 by nonlinear 
function  
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where 100 RV ω= - synchronous linear velocity; 

1maxmax RV ω= - maximal linear velocity; 1x& - current 

linear velocity of driving body 1; 1maxmax / RMF =  -

maximal motor force; maxmax0 ,, Mωω - recom-

mended constant motor parameters; 1R - worm pitch 
radius. 

The external resistant force 2F
r

, which is applied to 
the driven body 2 in the opposite direction to the 
body motion and used as negative value ( 02 <F ), 
has to be constant over the observed period of time. 

2.3 Kinematic constraints  

In general, the contact at the wedge mechanism and 
appropriate worm gear mesh undergoes holonomic 
constraints with constant kinematic ratio. The con-
straint equation on position level 11 xx = (t), 

22 xx = (t) according to the contact geometry via 
slope surface between moving bodies can be written as 
follows: 

 ?  

Mmax Mnom 

? max 

? nom 
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γtgtxtx )()( 12 =  or  0)()( 12 =− γtgtxtx ,      (2) 

where γ - constant slope angle, which constitutes a  
geometrical parameter. 
Differentiating (2) gives joint velocities and accel-
erations of the moving parts as corresponding con-
straint equations  

γtgtxtx )()( 12
&& = ,                       (3) 

γtgtxtx )()( 12 &&&& = .                       (4) 

A sliding/relative velocity Vs acts along the slope 
contact line between the moving bodies is shown on 
the sketch Fig.3a resembling to the worm gear mesh 
velocity scheme shows in fig.3b and resulting in   

γγ sin
)(

cos
)( 2`1 txtx

Vs
&&

== ,                    (5) 

where 2211 )(,)( VtxVtx == &&  denotes linear veloci-
ties in the worm gear mesh.  
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Figure 3. Sketch plane of the distribution of the linear 
velocities at the TSWM and the worm gear mesh 

2.4 Internal force contour and constraints 

The reduced reactions 1S
r

and 2S
r

in fig.1 acting at 
arbitrary contact point via the wedge slope between 
the conjugated bodies are represented the compo-
nents of an internal force contour of the TSWM and 
respectively modeled the tangential forces in the 
worm gear mesh. They are resulted from projections 
of internal reactions 12R and 21R  ( 2112 RR

rr
−= ) on 

appropriate coordinate directions of the moving 
wedge components. In the Fig.4a and Fig.4b have 
been summarized the graphical results of the force 
distribution according to the active contact line (a-a) 
and (b-b) respectively, which  based on kinetostatic 
analysis. We can make the following observations 
from the fig.4a,b. 
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fig.4a Force plane within (a-a) contact case 
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 Fig.4b Force plane within (b-b) contact line 

1). The internal reduced reactions 1S
r

and 2S
r

 repre-
sents the resultant dynamical loads in the TSWM 
and identifies relationships between tangential forces 

1tF  and 2tF  in the worm gearing.   

2).The values of reduced reactions 1S  and 2S  are 
unknown system’s parameters and can obtained 
through simulation. Nevertheless, the relationships 

between reduced forces 1S
r

and 2S
r

can be derived 
from the force planes shown on fig.4 (a,b)  and have 
established the force constraint equation in  the form   

)(),(

)2,1(,
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==
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jSS j
,        (6) 

where indices 2,1=j  denote the corresponding type 
of a Force Transfer Function  for each of two quali-
tatively different regimes of motion associated with 
relationships between lead angle γ and friction angle 
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ρ . Hereby the following remarks needs for regimes 
treatment are introduced. 

The first regime of motion can be called as "trac-
tive" regime within active contact line (a-a) that un-
dergoes a direct internal force flow from body 1 to 
body 2 when 0,0 21 <> SS

rr
. The corresponding 

absolute value of the FTF (6) 1ψ  and the Force 

Amplification Factor (FAF) 

)(
11

1
1 ργψ

χ
+

=== tgj >1 (7) can be given for 

qualitative regime estimation and analysis.  
The second regime can be called as "inverse-
tractive" dynamical regime dealing with motion via 
the active contact line (b-b) when the reversed inter-
nal force flow from body 2 to body 1 undergoes fol-
lowing force conditions 0,0 21 >< SS

rr
 . The abso-

lute value )(2 ργψ −= tg  and corresponding 

Force Amplification Factor (FAF) 

)(
11

2
2 ργψ

χ
−

=== tgj >>1 (8) are given for re-

gime qualitative estimation. 
The "inverse-tractive" regime is unfavorable before 
the “tractive” regime of motion in the sense of effi-
ciency, wear, durability and contact strength, espe-
cially, for a bronze worm wheel with respect to steel 
hardness worm.  
The qualitative level of power losses can be 
evaluated for each regime by Efficiency factor 
written as: 
 for the "tractive" regime  

22
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&
&

=η = 
)( ργ

γ
+tg

tg
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for the "inverse-tractive" regime  
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2.5   Approximation of the Friction angle  

The sliding friction angle ρ  at a contact zone of 
the TSWM and appropriate worm gearmesh 
have been obtained from experimental meas-
urements as function against relative velocity sV  
and given by table form that reported in [5].  
These table data can be analytically defined by 
approximation formula and written as  

   ( ) 1
)(

−
+= caVV b

ssρ               (11)   

or by using one of model state variable 1x& for the 
driving mass 1, we can rewrite (11) as 

( )( )cxax b += γρ cos//1)( 11 &&  ,                          (12) 

where cba ,,  - constant coefficients of approxi-
mation. Those coefficients have been evaluated 
by Newton's approximation method [5] depends 
on contact gear materials, which are summa-
rized at the table 1 and used below for the simu-
lation test example. 
Table 1 

Group of 
contact 
materials  

Coefficients a,b,c (11)  

I* ?=0,256;b=0,591;c=0,151  
II* a=0,174;b=0,642;c=0,140  
III* a=0,161;b=0,535;c=0,088  

*Group I.Worm: hardened steel HRC>48. 
Wheel: Bronze (Sn 6-7%, Ni 1-2%) 
**Group II. Worm: hardened steel 48>HRC>32. 
Wheel: Bronze(Sn 6-10% 
***Group III.Worm: hardened steel HRC>48. 
Wheel: Bronze (Fe 1%)). 

  3.   Mathematical Model 
The dynamics equations of motion including active 
internal forces and complement constraint equations 
are resulted in DAEs form 

,
,

2222
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SFxm
SFxm

−=
−=
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                                (13) 
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jSS
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γ&&&&
                       (13a)  

)(),( 11 ργψργψ −=+= tgtg All  
The mathematical problem formulation results in re-
sidual ODEs form with unpredictable discontinu-
ityes in the right-hand side within FTFs together 
with corresponding initial conditions and implemen-
tation of non-linear functions )( 1x&ρρ = (12) and 

)( 111 xFF &= (1) are constitutes a full mathematical 
model resulted in   
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This mathematical model (14) of the TSWM de-
scribes an assembly motion in different regimes 
within the space of independent state co-
ordinates 11, xx & . For numerical realization by a time-
stepping integration method (ODE solver) this prob-
lem needs an additional Switching Function 

)(tϕ that has been constructed on acceleration level 
and introduced into following control block 





−<
>

=
.0)(

0)(

2

1

regimetractiveinversetif
regimetractivethefortif
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where 

1

11
1

)(
m

xF
xown &
&& = - is a so-called the “own” accelera-

tions of body 1; 

2

2
2 m

F
xown =&&  - “own” accelerations of body 2. 

The expressions of the “own” accelerations illustrate 
its dependence only from external active forces and 
reduced masses however its independence from in-
ternal reactions.  
The positive values of SF 0)( >tϕ  physically guar-

antee a direct internal force flow with FTF 1ψ  and  
assembly motions of TSWM in “tractive regime”. 
The negative values of the SF 0)( <tϕ  means as-
sembly motion in reversed internal force flow with 
FTF 2ψ  in the “inverse-tractive” regime.  

Jump discontinuities within { }21,ψψψ =j  can 
occurs at the time event τ=t when have been sat-
isfied zero equality 

γ
τττϕ

tg
xx ownown 1

)()()( 21 &&&& −= =0 and internal 

forces are equal zero 0)()( 21 == ττ SS . The time 
event τ  is called as a Switching Point [3] and physi-
cally deals with the instantaneous loose and re-
established contact at TSWM and consequently in 
the worm gear mesh. 

4. Simulation results 
The problem have been tested using resulted 
formulas for internal reduced forces )(1 tS , )(2 tS  
written as  

11111 )()( xmxFtS &&& −= , 2,1,/)()( 12 == jtStS jψ  

and FTFs in the time history according to de-
rived state variables )(),(),( 111 txtxtx &&& .  

In order to use one of MATLAB ODE solver, 
we need to convert the 2nd order ODE (14) into 
the 1st order ODEs by defining some new vari-
ables 1211 , xyxy &== . 

Using these new variables, our original mathe-
matical model with added switching function 
and control conditions are written as follows: 
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Implementation of the above model into Matlab 
function m-file named cpm1.m. is shown below. 
The function name must agree with the file name. 
Modal variables declared as global or constant. 
function dy=cpm1(t,y) 
global m1 m2 pk vc1 vk1 gam a b c 
F2  
V=(vc1-y(2))/(vc1-vk1); 
F1=2*pk/(V+1./V); 
fi=F1/m1-F2/m2/tan(gam); 
ro=1/(a*(y(2)/cos(gam))^b+c); 
ro=ro*atan(1)/45; 
if sign(fi)==1 
 lam=-(tan(gam+ro)); 
else lam=-(tan(gam-ro)); end 
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dy1=y(2); 
dy2=(F-lam*F2)/(m1-
m2*lam*tan(gam)); 
dy = [dy1;dy2]; 
Solving the equation of motion (14) by MATLAB 
solver ODE23s with zero initial conditions and inte-
gration time interval from 0 to o,14 s shown below 
in code as fragment of the script m. file 
y0=[0 0];% initial conditions in vector form   
t0=0;tfinal=0.14;% time interval 
[t,y]=ode23s('cpm1',time,y0,options
); 
The model parameters are put in the table 2, which 
are taken for the Motor Operated Valve with worm 
gear reducer.  The AC motor technical characteris-
tics: P=7,5 kW, n0=3000 rpm; nn=2900 rpm, 
Mmax/Mn=2,2 ,smax=17%;Ir= 0.0069 kgm2. Worm 
gear parameters:  reduction ratio u=40:1; diameter of 
worm d1=50 mm, Contact gear materials - group III. 
Table 2  

Model 
data 

Program 
code 

Value range 

1m  m1 11.8 kg 

2m  (var) m2 [100; 200,300]kg 

F2     (var) F2 [-5000;-10000;-15000] 
N 

γ  gam 4,76 grad 

maxF  pk 2178 N 

V0 vc1 7.85 m/s 
Vmax vk1 6.5 m/s 
a  a 0.161 

b  b 0.535 

c  c 0.088 
 
On fig.5,6,7,8 have been plotted the simulation re-
sults of  )(),( 21 tStS  versus time with denoted peak 

values mm SS 21 ,  for the driven mass  equal 2m =200 

kg and external resistant force 2F = -10000 N., 2F = 
-15000 N.  
In general, the dynamic response has to be deter-
mined by means of peak values mm SS 21 ,  with calcu-

lation of the dynamical factors 21 , dd KK according 
to the expressions  

111 / t
m

d FSK =  and 222 / t
m

d FSK =  , (15)                                               

where 21 , tt FF  are the values of tangential forces in 
??? worm gear mesh taken from static force analy-
sis.  
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Figure 5. Plot of )(1 tS  with peak value mS1 =1500 N 
for F2=-10000 N 
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Figure 6. Plot of )(2 tS , peak value mS2 =-12100 N for 
F2=-10000 N 
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Figure 7. Plot of )(1 tS  with peak value mS1 =2000 N for 
F2=-15000 N. 
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Figure 8. Plot of )(2 tS , negative peak value mS2 = -
16900 N for F2=-15000 N. 

The simulation results are summarized in Table 3 
Table 3 
Te
st 
cas
e 
 

Model 
variables 

2m [kg], 

2F [N] 

mS1 , 
[N] 

1dK
(15) 

mS2 , 

[N] 

2dK  

(15) 

1 100 kg; -
5000 N; 

800  0,81 -6300  0,76 

2 100 kg; -
10000 N; 

1400  1,4 -
11300  

1,37 

3 100 kg; -
15000 N; 

1800  1,84 -
16500  

2,0 

4 200 kg; -
5000 N; 

900  0,91 -7600  0,92 

5 200 kg; -
10000 N; 

1500  1,50 -
12100  

1,36 

6 200 kg; -
15000 N 

2000  2.01 -
16900  

2,0 

 
We can observed from the table 3 that an increase in 
the resistant force 2F  is claim increasing dynamical 

factor in the range dK = [0,76 ; 2,0]. The force 

2F has the more influence on dynamical coefficient 

then  increase in the driven mass 2m . 

The presented hereby results shows that the worm 
gear drive system of MOV for all parameter range is 
realized only “tractive” regime of motion when S1>0 
and 02 <S  that means dynamic behavior of system 
in direct transmitted energy and force flow. 
 

5. Conclusions 
New formulations for the simulation of dynamics of 
Worm gear drive systems have been described in 
this work. The developed TSWM and appropriate 
mathematical model as ODE with discontinuous 
right-hand side includes sliding friction contact, 
modeled by friction angle and the actual lead angle 
of worm geometry with the variation of the force 
constraints and efficiency. The variation of contact 
and Force Transfer Functions between moving parts 
of multibody system just requires to perform a dy-
namic simulation including two-dimensional switch-
ing logic and appropriate switching function on ac-
celeration level. The model allows implementation 
of motor drive characteristics as appropriate external 
force functions which depends from state velocity as 
well. 
These model help engineers to easily identify and ef-
fectively solve the root causes of an engineering 
problem within a worm gear  system. 
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