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Abstract

Lie derivatives are widely used in mathematics and physics.
They are usually computed symbolically using computer
algebra software. This symbolic computation might fail for

very complicated expressions. Moreover, symbolic differ-
entiation becomes more difficult if the function to be differ-

entiated is not described explicitly as a function but by an
algorithm. This is a situation occuring quite often in model-
ing languages. In this contribution we present an approac
for calculating Lie derivatives based on algorithmic differ-

entiation using the software package ADOL-C avoiding the
drawbacks of symbolic differentiation.

Keywords Lie derivatives, algorithmic differentiation

1. Introduction

Lie derivatives play an important role in mathematics as
well as physics [18, 26, 43]. Many methods in control
engineering and system theory require Lie derivatives as
well [20, 25]. To get an intuitive understanding, Lie deriva-

tives can be considered as total derivatives of certain fields

along the solution of a differential equation [23].

controller design rely on Lie derivatives [20, 25]. Similarly,
several approaches for observer design can be formulated
in terms of Lie derivatives [11,14,38]. Using operator over-
loading, these derivatives can efficiently be computed using
an alternative differentiation technique callalgjorithmic
differentiation[17]. We present a toolbox to carry out these
calculations. Our implementation is based on the widely
used algorithmic differentiation package ADOL-C (Auto-

h matic Differentiation by OverLoading in C++), cf. [16,46].

The paper is structured as follows. In Section 2 we re-
mind the reader of some definitions concerning Lie deriva-
tives. Section 3 addresses the calculation of derivatives.
The toolbox is presented in Section 4. The application of
Lie derivatives in nonlinear control is the topic of Section 5.
We use the toolbox for an example system in Section 6 and
draw some conclusions in Section 7.

2. Basic Definitions from Differential
Geometry

2.1 Tensors, Fields and Flows
First, we would like to recall some facts from differen-

Assume we have described a physical system as lumpedtia/ geometry [3, 19, 23]. We restrict ourselves to the

parameter model resulting in a set of nonlinear ordinary
differential equations

:B(t) :F(m,u), y:H(xvu) 1)

with the stater, the inputw, the outputy and appropri-
ate mapsF' and H. If system (1) is formulated in terms
of a modeling language, this description is usually only
employed for simulation and optimization. However, op-
erator overloading techniques known from object-oriented
programming allow the simultaneous usage of the descrip-
tion of (1) for control-related tasks such as controller and
observer design [32]. More precisely, several algorithms in
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dimensional real vector spad = R". The elements of
a vector space aneectors and we represent the elements
of V as column vectors. We denote the set of linear maps
from the vector spac& to another vector spac&/’ by
L(V,W). Formally, the dual space &f, denoted by*, is
the set of all linear functionals ov&f, i.e., V* = L(V,R).
The dual spac&™ is also a vector space, whose elements
are calleccovectorsDue to Riesz’s representation theorem
we can represent the covectors by row vectors.

A multi-linear map (i.e., a map that is linear separately
in each variable)

(V)P x V¢ 5 R @)

is called ap-covariantg-contravariant tensaror (p, q)-
tensor The setV? of (p, ¢)-tensors oveV is a vector space
itself. In case ofp = ¢ = 0 we setV) R, i.e., a
(0,0)-tensor is a scalar. In case pf= 0 andg = 1 the
map (2) simplifies to a linear map — R, which belongs
by definition to the dual space &, i.e.,V{ = V*. Hence,
(0, 1)-tensors are covectors. In casepot= 1 andg = 0



the map (2) simplifies to another linear m&p — R, 2.2.1 Lie Derivative of a Scalar Field
which belongsto the dual spaCé*)* of the dual spac¥&*.
Since the vector spadéis finite dimensional, the so-called
bidual space is isomorphic to the original vector spsice
i.e., Vi = (V*)* = V. Therefore, thg1,0)-tensors are

Consider the differential equation (3) with the vector
field f : M — R”™ and the associated flog,. TheLie
derivative of the scalar field : M — R is defined as

vectors. d
The following consideration can be carried out for Lyhia) = Eh(%(m)) -0 ®)
smooth manifolds. Since the paper deals mainly with com- . . . .
putational issues, which will always be carried out in lo- Using the series expansion (4) of the flow, with
cal coordinates, we can restrict ourselves to an open subset d
M C V of R". Thetangent spacat z € M, denoted Lih(z) = @h(%(w))
by T, M, is isomorphic toV, i.e., T, M = V. (See [23, q =0
Chap. 3] for the construction of the geometric tangent space = W(p(x))—p,(x)
of R™.) The dual space df;.M is calledcotangent space dt t=0
and denoted by* M = V*. In the paper, we will deal = h(z)f(z) (6)

with the following special cases: 8(z) € T, M) = R,
S is ascalar field If S(z) € TpM} = TuM 2V, S
is avector field If S(z) € TuM{ = TGM 2 V*, Sis
acovector field Covector fields are also calledifferential
formsof degreel (1-form9. An exactdifferential form is
the gradient of a scalar field.

A vector field f, which maps each point € M to the
corresponding tangent spaféx) € T, M (see Figure 1),

can be associated with the differential equation aL’}h(m)

L5 h(@) = LrLih(z) = —L——f(@) (@)

we obtain the explicit computation rule (6) as the scalar
product between the gradiedth = 1’ and the vector
field f. In other words:L¢h is the directional derivative

of h in the direction off (see Figure 2). The Lie derivative
Lh is again a scalar field. Therefore, we can repeat this
process and define multiple Lie derivatives along the same
vector fieldf by

&(t) = f(a(t)) - ®3)

The flow ¢, of the vector fieldf is the general solution
of (3), i.e., the curvep, (z) is the solution of (3) with R ) # Lrh(@)

the initial conditionz(0) = =, € M. Moreover, the

flow is a one-parametric family of local diffeomorphisms h(z) h(p(x))
on M having the structure of a transformation group with

wo(xo) = o ande, (¢, (x0)) = @, (o) for all suffi- | S_—
ciently small/¢|, |s|. The flow of (3) has the following series 0

expansion;

with LSh(x) = h(z).

Figure 2. Lie derivativeL ¢k of a scalar fieldh

- 1 3

pil@) et f@)t+ 3 f@)f(@) +0) @) 2.2.2 Lie Derivative of a Vector Field

which reflects the fact thaf(x) is tangent tap, () in the We need some preliminary remarks before we introduce
pointz. the Lie derivative of a vector field. Consider a smooth map
Y : M — M, which maps a pointt € M into the
point¢(x) € M. The differential of push-forwardis a

V=R linear map between the associated tangent spédces
Tz M — Ty ()M, which can be represented by the Jaco-
bian matrixyy’ of 1p. If 1) is a diffeomorphism, the inverse

M map ' of ¢ exists and is continuously differentiable.

Then, the linearization of the inverse mep ' defines an-
other mapyy* := ;' : Toy(yM — T, M calledpull-
back Clearly, the Jacobian of the inverse map is the inverse
Jacobian matrix of the original map. In casejof= ¢,, we
obtain from (4) a series expansion of push-forward

P () =1+ f'(2)t +O(t) (8)

Figure 1. Tangent space and vector figfd where I denotes the identity matrix. Due to the group

property, the inverse map of the flow is given as the flow in
reverse time, i.e; ' = ¢ _,. This impliesp} = ¢;,' =
@_,, having the series expansion

2.2 Lie Derivatives

In this section we will define Lie derivatives of scalar,
vector and covector fields. 0i(z) =@ 4. (2) =1~ f'(2)t+Ot?) 9)
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with z = ¢, ().
We are now able to introduce tHee derivative of a
vector fieldg along f as

d v g(pi(x)) (10)

Lyg(x) = adsg(z) = 4

t=0

This Lie derivative is calledlie bracketand often denoted
by ads g = [f, g]. Using the series expansions (4) and (9)
we obtain

adpg(®) = org(en()

dt t=0
d
= EW—t*g(wt(m)) -
t—0 t
= g @ f(x)- f(e)g(x) . (12)

The reason for the seemingly complicated construc-
tion (10) becomes apparent in Eqg. (11). In general, the
derivative of a function is defined as the limit of the dif-
ference quotient. Formally, the two termgéx) € T,M
andg(e,(x)) € Ty, 2) M required for the difference quo-
tient belong to different vector spaces. Using pull-back we
map g(¢,(x)) back fromT,, ()M to T, M and obtain
prg(p,(x)) € T,M. Then, we can compute the differ-

ence in (11) since both objects lie in the same tangent

space.

The Lie derivativexd ¢ g of a vector field is a vector field
again. Higher order Lie derivatives of a vector figlcare
recursively defined by

adi™ g(z) = [f,ad} g(z) (13)

with ad(} g =g(x).

2.2.3 Lie Derivative of a Covector Field

Consider a smooth magp : M — M with its push-
forward, : T M — Ty )M and a covector field,

e w(x) € T3y M forx € M. Thedualor adjointmap

Y TyyM — T M defined by(v*w, z) = (w, 4, 2)
forall z € T, M andw(x) € Ty M is calledpull-back

of the covector fieldv. Foriy = ¢, we obtain from (4)
the following series expansion of pull-back of the covector
field w for the flow:

w(@)p,(z)
w(@)(I+ f'(z)t+ Ot?)) .

piw(T)

(14)

TheLie derivative of the covector field is defined by

4 rw(ey(@)) (15)

Liw(x) = I

t=0

The definitions (10) and (15) of the Lie derivatives of a
vector and a covector field look exactly the same. How-
ever, pull-back acts on different mathematical objects (on
a vector field in (10) and on a covector field in (15)) and
therefore on different spaces.
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Using the series expansions (4) and (14) we obtain by

L grw(en(@)

Liw(x) T

t=0

el @)

=0
ow™ (z)
Oox

)T(ls)

an explicit computation rule for the Lie derivative (15).

As mentioned in Section 2.1, the gradierit of a scalar
field . is a covector field. Therefore, the Lie derivative
Ly¢dh can be calculated by (16) witle = d h. Alterna-
tively, the Lie derivativel r d h can also be obtained from
the gradient of the Lie derivativesh:

w(@)f (@) + £ () (

Lydh(x)=dLsh(x) . a7)
Eq. (17) can be stated as follows: The exterior derivative
commutes with the Lie derivative.

3. Computation of Derivatives
3.1 General Differentiation Techniques

The(Fréchet) derivativef a smooth mag : M — R™ in
the pointzy € M C R" is a linear mapd € L(R™,R™),
for which

F(z) = F(zo) + A(x — o) + o([|z — o))

holds for allz in a neighbourhoud ofq. The linear mapt
can be identified with amn x n-matrix A = F'(z) €
R™*™ the so-calledacobian matrix

In this paper we assume that the mBp: M — R™
is given as a computer program (such as a function, pro-
cedure, method etc.), i.eF' is described as a finite se-
quence of elementary functions and operations. The deriva-
tive of F' can be computed systematically using elemen-
tary differentiation rules in combination with the chain rule.
This differentiation process can be carried out by computer
algebra systems such assWHEMATICA [48], MAPLE [10]
or MAXIMA [2]. The result of thisymbolic computatiois
a symbolic expression.

The computer algebra system might not be able to carry
out a symbolic differentiation if the function under consid-
eration is very complicated. Moreover, symbolic compu-
tation is usually not (directly) possible if the function to
be differentiated is not given explicitly but by algorithms
containing branches, loops and subroutines. Moreover, the
sizes of symbolic expressions usually increase significantly
w.r.t. the order of the derivative.

Another widely used method to compute derivative val-
ues isnumeric differentiatiorby divided differences. De-
pending on the step size, the resulting derivative will be
affected by truncation or cancellation errors. Even for an
optimal step size, the derivative value will have a signifi-
cantly reduced precision compared to the function value.

The disadvantages of symbolic and numeric differen-
tiation can be circumvented by an alternative technique



called algorithmic or automatic differentiatiof17]. Sim- class ddouble

ilar to symbolic differentiation, elementary differentiation  {

rules are applied systematically. In contrast to symbolic dif-  public:

ferentiation, all intermediate results are not symbolic ex- ~ double val; // function value

pressions but numerical values, i.e., the intermediate val- _ double der; // derivative value

ues are immediately evaluated and stored as floating point »

numbers. All differentiable functions (e.gsin, cos, exp, log) that
act on the typaloubl e must be replaced by appropriate
methods for the clasddoubl e such that in addition to
Symbolically, Lie derivatives of scalar, vector and covec- the function value one also computes the derivative value
tor fields are computed based on Egs. (6), (12) and (16). using elementary differentiation rules in connection with
Hence, one needs to compute gradients or Jacobian ma-the chain rule:

trices. These operations are Well-suppqrted by thg usual ddouble sin (ddouble x)

computer algebra systems. For example inAVE, the Lie

3.2 Symbolic Computation of Lie Derivatives

derivative (6) of the scalar fieltl along the vector fieldf ddouble z:
can be implemented as follows: z.val = sin(x.val);
with (linalg): z.der = x.dercos(x.val);
LieScalar =proc(f,h,x) }
multiply (jacobian (h,x),f) In a similar way we have to provide the usual binary oper-
end_proc; ation (e.g+, —, *, /) for the new classldoubl e. In case

Higher order Lie derivatives can be calculated easily us- of multiplication we also have to take the product rule into
ing finite recursions such as (7) or (13). The symbolic com- account.
putation of Lie derivatives was implemented in [7,22,27, ddouble operator % (ddouble x, ddouble y)
36] for MATHEMATICA and in [12,21,24,37] for MPLE. {
However, the symbolic calculation of Lie derivativesisnot  ddouble z;
restricted to commercial systems. The open source com- Z.val = x.valy.val;
puter algebra system MKIMA contains toolboxes for ten- z.der = x.vaky.der+y.vakx.der;
sor calculus, which were developed for computations in }
general relativity and support the calculation of arbitrary This approach to algorithmic differentiation is callém-
types of Lie derivatives [42]. Alternatively, the Lie deriva-  ward modebecause the program flow of function evalua-
tives (6), (12) and (16) can also be implemented inxV tion and derivative computation have the same orientation.
IMA using the build-in linear algebra package. A possible
implementation of the Lie derivative (6) reads as follows: ~ 3:3.2 Reverse Mode
load ("linearalgebra”): In the reverse mode, the .elementary statements are differ-
LieScalar(f,h,x)=jacobian ([h],x).f: entiated in reverse order, i.e., from the end to the beginning
of the program. Therefore, the implementation is much
more complicated. The reverse mode can be interpreted as
a generalization of the backpropagation algorithm known

3.3 Algorithmic Differentiation

3.3.1 Forward Mode from neuronal networks [47].
Assume we represent a vector-valued function M — Mathematically, for a given covector (i.e., row vector)
R™, M C R™ with z € (R™)*, the reverse mode yields a covecioe (R™)*
with
z=F(x) (18) z=zF(z) , (20)

by appropriate C++ code. Input valueg € M, output which can _be seen as a Weighted_ derivative. ok n,
values (i.e., function values), € R™ as well as interme- ~ €Specially in case of a functional, i.es, = 1, the reverse
diate values are stored as floating point numbers, usually mode is more efficient than the forward mode. Therefore,
with the build-in typedoubl e. Consideringe and z as the reverse mode is widely used in optimization [15].

curves, we can compute the time derivative of (18) using 3 3 3 Taylor Arithmetic

the chain rule: . m e -
1= F(x)i . (19) Assume the functiod : M — R™ is sufficiently smooth

to map a truncated Taylor series
For a given directiont of R” we obtain the directional

derivativez of F. The tangent valug can be obtained cal- z(t) = zo + 1t + T2t + - + gt + O (21)
culating the tangent values of all intermediate values occur-

ring during the function evaluation. We repleace the float- with zo € M€ R", @y,..., 24 € R" into a curve

ing point typedoubl e by a new class, e.gldoubl e, z(t) = F(z(t))

containing the function value and additionally the deriva- = zo+zit+ 29t + -+ zgt? + Ot
tive value: (22)
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with zg, ..., zq € R%. Clearly, each Taylor coefficient, 3.5.1 Tape generation

depends only on the Taylor coefficients, ..., xy. The The fundamental working principle of ADOL-C is thatin a
Taylor coefficientz;, can be calculated using the forward i step the code representing e.g. a scalar valued function

mode of automatic differentiation. o f : R — R is marked as a so called active section.
In reverse mode of automatic d|ﬁerent|at|02,xgne ¢an |nput and output variables are assigned as variables of type
compute the coefficient matrice, ..., Aq € R of adoubl e, similar to the typeldoubl e discussed above:

the Jacobian path
trace_on (tag)// Begin of active section

F/(x(t)) = Ag + Art + ...+ Agt* + Ot . (23
(x(t)) o+ Ait+ o4 Aat"+ O ) (23) adouble x,z; // Active variables
double x0; /1 point of expansion

The matricesdy, ..., A4 are the partial derivatives of the double 70 - // function value

Taylor coefficients of the curveg and z. We have the '

following identity [8]: X <<= X0; /1 Assignment of independents
z = f(x); /] Evaluation

z >>= z0; /1 Assignment of dependents

24
8Xi 8X0 ( )

aZj . 8Zj7i o Ajfi for j>
- { 0 otherwise.
trace_off (); // End of active section
Asillustrated, the curves andz associated with a func-
tion F' are represented by the coefficients of their corre-
sponding truncated Taylor series expansions (21) and (22).
Thus, it is necessary to introduce another datatype holding

the values of these coefficients. As an example, one might

This code creates a data structure cali@oe holding
the trace of the function evaluation. This tape is used in
the following for the calculation of the derivatives using so
called drivers e.g.gr adi ent, j acobi an, hessi an,
cf. next section. It is important to understand that the tape

define has only to be created once a time for an aribitrary input
#include <vector > value oy while repetitive calls of the drivers for different
class tdouble :public std::vector double>; input values differing from the values the tape was gen-

_ _ _ ~ erated from may follow. This holds as long as there are
and implement the operations required for an appropriate no user defined quadratures and all comparisons involv-

handling of these truncated series expansions. ingadoubl es yield the same result. The drivers acting on
) these tapes provide a C as well as C++ interface, i.e., once
3.4 Implementations and Tools a tape is generated it can also be used in environments that

As sketched in Section 3.3, algorithmic differentiation can do not support C++. The tape is referenced by the integer
easily be implmented if the programming language under t ag.

consideration supports operator overloading. For C++, this )

approach is implemented in several algorithmic differenti- 3-5.2 Drivers

ation packages such as ADOL-C [16], FADBAD [5], FAD-  The package ADOL-C provides several commands called
BAD++ [41], TADIFF [6], AUTODIFF [39], CppAD [1]. drivers for evaluation of different types of derivatives.
Operator overloading is also supported in Fortran 90/95 and Some of these drivers are sketched in the following:

used by the tools AUTO_DERIV [40] and TaylUR [45]. ) _

Moreover, there are also tools that use operator overloading Privers for forward and reverse mode  Given a tape of

in Matlab for algorithmic differentiation, e.g. ADMAT [44]  the sufficiently smooth functio®” : M — R™ and
and TOMLAB/MAD [13]. the Taylor coefficientsX = (z,...,xq) Of the series

It should be mentioned that algorithmic differentiation €xPansion (21) of the curve of the independent variable

can also be implemented based on source code transforma®N€ can compute the Taylor coefficiedts= (2o, . .-, '_zd)
tion, especially for programming languages such as C and &S givenin (22) using the ADOL-C functidror war d:
Fortran 77 which do not support operator overloading. For in¢ forward(tag ,m,n,d, keep ,X,Z2)

more details on algorithmic differentiation tools and tech- short int tag; /1 tape tag ofF
niques we refer to [4,17]. int m; /1 number of dependent variables
int n; /1 number of independent variables
3.5 Differentiation Package ADOL-C int d; /1 highest derivative degreé
int keep; /1 flag for reverse sweep

The software package ADOL-C provides routines for eval-
uation of derivatives of scalar or vector functions defined
by computer programs written in the programming lan-
guages C or C++. The resulting derivative evaluation rou- The keep flag must be set ke@ep=1 if a further calcula-
tines can be used in C, C++, Fortran, or any other languagetion using the reverse mode is intended. Zhdimensional
that can be linked against C [16]. ADOL-C uses opera- arraysX andZ are allocated as arrays of pointers.

tor overloading as described in Section 3.3, however with  The reverse mode can be employed for an efficient com-
some additional features that will be discussed in the next putation of the coefficient matrice4,, ..., Ay € R"™*"
section. of the Jacobian path (23). They are obtained by calling

double X[n][d+1]; // Taylor coefficient§xo, ..., z4)
double Z[m][d+1]; // Taylor coeffcientgzo, ..., z4)
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the ADOL-C functionr ever se and stored in the3-
dimensional arra:

int reverse (tag,m,n,d,A)

short int tag; /] tape tag ofF’

int m; /1 number of dependent variables
int n; /1 number of independent variables
int d; /1 highest derivative degreé

double A[m][n][d+1]; // resulting matricesdo, ..., Aq
Driversfor ordinary differential equations Given an ini-

tial value problem

&(t) = f(x(t))

of the ordinary differntial equation (3). We want to compute
a Taylor series expansion (21) of a solution of (25), i.e., of
the flow of the vector fieldf passing throughe,:

with z(0) =xo € M CR" (25)

2(t) = ¢, (w0) - (26)

On the other hand, we can trefitas a functions mapping
the curve (21) into the curve (22) via

z(t) = f(=(t)) -

Because off : M C R" — R", both curvese and z
belong to spaces of the same dimension. However, sfnce
is a vector field, the curve in the image off must be-
long to the tangent spadg, M, i.e., we have the identify
z(t) = x(t). Therefore, the Taylor coefficients of the series
expansions (21) and (22) must satiesfy the identity

1
—Z .
T+kF

Knowing certain Taylor coefficients,, . . . , ) of the solu-
tion of (25), one can use the forward mode to compute the
Taylor coefficientszy, ..., z, of the curve (27). Eq. (28)
yields the next Taylor coefficient;,. To carry out this
recursion, ADOL-C provides the functidror ode:

n, d, X)

/] tape tag of vector fielgf
/1 dimensiom

/1 highest degred

/| Taylor coefficientse, ...

(27)

Tpp1 = (28)

int forode(Tape_F,
short Tape_F;
short n;
short d;

double X[n][d+1]; , &4

The initial valuex, has to be stored in the zeroth position
of the arrayX, i.e.,inX[0] [ O], ..., X[ n-1] [ O] .
Carrying out a reverse sweep affesr ode we obtain

Note that the total derivatives (29) are the coefficient matri-
ces of the series expansion of push-forward (8) of the flow:

Pu(To) = I+ Byt + Bit2 + Bot® + -+ .

ADOL-C provides much more drivers, e.g. for optimiza-
tion and nonlinear equations (calculation of gradients, Ja-
cobians and Hessians) and higher derivative tensors which
are not discussed here. For details refer to [16, 46].

3.5.3 Calculation of Lie derivatives using ADOL-C

In contrast to the symbolic computation the calculation of
the Lie derivatives employing automatic differentiation is
based directly on the definitions (6), (10) and (15). In order
to use ADOL-C for the calculation of Lie-derivatives one
has to combine certain calls of the drivers discussed above.
This is illustrated by example of the Lie derivatifigh(x)

of a scalar fieldh : M — R along a vector fieldf : M —

R™, Using the ADOL-C driverf or ode, in a first step,
one computes the Taylor coefficients, ...x4y € R™ of

the series expansion (21) of (26) for a given initial value
g € M C R". In a second step we have to compute
the Taylor coefficientgyy, y1,...,y4 € R of the series

expansion
y(t) = yo + yit + - yat® + O (30)
of the curve
y(t) = h(py(z0)) - (31)

This can easily be done with the drivieor war d. Recall
that the first order Lie derivative (5) is the total derivative
of h along the flow off. Taking higher order Lie deriva-
tives into account yields a so-called Lie series

o0 k
S Lhh(wo) = hgieo)) . (32)
k=0 ’

Matching the coefficients of (30) and (31) allows an ex-
plicit computation of the function values of the Lie deriva-
tives by
Lih(mo) = klyey for k=0,...,d . (33)
Assuming that the recorded tapesjfoaindh are refer-
enced by the integeiBape_f andTape_h, respectively,

the coefficient matriced,, A1, ..., Ag_1 € R™*"™ similar

to (23). Recall that these matrices can be interpreted as
partial derivatives between Taylor coefficients as described // Taylor coefficients\' = (xx)
in (24). Taking the dependencies resulting from (28) into forode(Tape_f,n,d,X);
account we can calculate the total derivatives

one has:

/1 Taylor coefficienty” = (y,,)

Oz forward(Tape_h,m,n,d,X,Y);

By, € R (29)

dmo

fork =0,...,d— 1 with the ADOL-C functionaccode: /1 Lie-Derivatives up to orded

double Lfh[d+1];

int accode(n, d1, A, B) int fak = 1;

short n; /1 dimensionn for (i=0; i <= d; i++) {
short d; /1 highest degred Lfh[i] = y[i] xfak;
double A[n][n][d]; [/ partial derivativesAo, ..., Aqg—1 fak = (i+1);

double B[n][n][d]; // total derivativesBy, ..., Bq—1 }
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In a similar way one can compute the gradients of Lie
derivatives, the Lie derivatives of a covector field and Lie
brackets. For example, consecutive calls effer se and
accode provide the coefficient matrices of the series ex-
pansion (8) required for the computation of Lie derivatives
of covector fields, see Egs. (14) and (16).

4. Toolbox of Lie-Derivatives

The drivers provided for calculating Lie derivatives of
scalar, vector, covector fields and gradient of Lie deriva-
tives of scalar or vector fields are prototyped in the header
<lie_tool.h>. Drivers utilizing C or C++ are provided all
of them working on the tapes generated previously as de-
scribed above, i.e., no repetitive direct evaluation of the
function source code is required. In the following we
give an overview about the routines provided by the Lie-
package.

4.1 Lie Derivatives of a Scalar Field

In order to compute the Lie derivatives of the scalar
field h along the vector fieldf at the pointr = xy €
R™, we need the tape numbers of active sectionsf of
and h, the number of independent variablesand the
highest derivative degre¢ The values of the Lie deriva-
tives L(}h(xo),...,L‘}h(xo) will be stored in a one-
dimensional array (vector) of sizé+ 1. The C function

Li e_scal ar ¢ has the following arguments:

int
short Tape_F;
short Tape_H;

Lie_scalarc (Tape_F,Tape_H,n,x0,d, res)
/] tape tag of vector fielg
/] tape tag of scalar field

short n; /1 dimensiom
double x0[n]; /] vectorxg
short d; /] highest degred

double res[d+1]; // Lie derivatives

Now, consider a vector-valued maps: R" — R™. The
component map4a, ..., h, : R® — R of which h con-
sists of are scalar fields. We understand the Lie derivative
of h along f as follows

thl (iL‘)
th(iL‘) = R
Lyhy()

(34)

which is essentially a simplified notation for the Lie deriva-
tivesLghy, ..., Lyhy, of the component maps. This nota-
tion is occasionally used in nonlinear control and the as-
sociated software implementations [22, 27]. Higher order
Lie derivativesL’}h are definied by the same recursion as
in (7). Note that the Lie derivative (34) of the vector-valued
maph should not be confused with the Lie derivative of a
vector field.

The Lie derivatives of h along f at the
point £y can be computed with the C function
Li e_scal arcv. The resulting values of the Lie
derivativesL(}h(mO),...,L;ﬂh(:co) will be stored in a
two-dimensional array (i.e., a matrix) of size x (d + 1):
int
short Tape_F;

Lie_scalarcv(Tape_F ,Tape_H,n,m,x0,d,res)
/] tape tag of vector fielg®
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short Tape_H; /] tape tag of vector map

short n; /1 dimensiom
short m; /1 dimensionn
double x0[n]; /1 vectorzg
short d; /1 highest degree

double res[m][d+1]; // lie derivatives

In addition, we implemented the C++ wrapper function
Li e_scal ar which supports both calling conventions,
i.e., form 1 and arbitrarym > 1. Details on the
computational algorithms can be found in [29, 34].

4.2 Gradients of Lie Derivatives of a Scalar Field
The gradients

dh(wo),d Lgh(x), . .., d Lh(wo) (35)

of Lie derivatives (7) of a scalar field along a vector
field f atx = x( are row-vectors. They can be computed
with the C functionLi e_gr adi ent ¢, where the result
will be stored in a two-dimensional array of size (d+1):

int Lie_gradientc(Tape_F,Tape_H,n,x0,d,res)
short Tape_F; /] tape tag of vector fielg
short Tape_H; /] tape tag of scalar field

short n; /1 dimensiom
double x0[n]; /] vectorxg
short d; /] highest degred

double res[n][d+1]; // gradients of Lie derivatives

Different scalar fieldsi, ..., h,, can be put together
in a vector-valued map as in Eq. (34). The classical
derivative of (34) is a Jacobian matrix of size x n. The
Jacobian matrices

dh(zo),d Lgh(wo),...,d L}h(xo) (36)

can be computed at once with the C function
Li e_gradi ent cv, where the result will be stored
in a three-dimensional array of size x n x (d + 1):

int Lie_gradientcv(Tape_F,Tape_H,n,m,x0,d,res)
short Tape_F; /] tape tag of vector fielg

short Tape_H; /] tape tag of vector map

short n; /1 dimensionn

short m; // dimensionmn

double x0[n]; /1 vectorzg

short d; /1 highest degred

double res[m][n][d+1]; // Jacobians

In addition, we implemented the C++ function

Li e_gradi ent supporting both cases (35) and (36) at
once. The computation is discussed in [33].

4.3 Lie Derivatives of a Covector Field

If we consider the elements &" as comlun-vectors, the
elements of the associated dual spéR&)* can be writ-

ten as row-vectors. For programs, there are no differences
between a vector fielgd : R" — R™ and a covector field

w : R™ — (R™)*. The Lie derivative of the covector field

w along the vector fieldf is given by (16). The Lie deriva-
tivesL(}w(mO), e L‘}w(mg) at the pointz, can be com-
puted with the C functiorLi e_covect or. The results

will be stored in a two-dimensional array (i.e., a matrix) of
sizen x (d+1):



int Lie_covector(Tape_F,Tape W,n,x0,d,res)

short Tape_F; /] tape tag of vector fielgf

short Tape_W; /] tape tag of covector field

short n; /1 dimensiom gi
double x0[n]; /] vectorzg

short d; /1 highest degred

double res[n][d+1]; // Lie derivatives

4.4 Lie Derivatives of a Vector Field (Lie Brackets)

Let g : R* — R™ be a further vector field. The Lie
derivative of the vector fielgy along f is also called Lie
bracket and defined by (12). The Lie derivative g(x) Figure 3. Gantry crane
along f at the pointzy can be computed with the C func-

tionLi e_vect or. The resulting values of the Lie deriva- 52 High-Gain Observer

tives ad’} ..., ad? will be stored in a two-

: 79(@o)..... adg gl@o) : . The matrix

dimensional array (i.e., a matrix) of sizex (d + 1):

int Lie_vector(Tape_F,Tape_G,n,x0,d,res) dh(x)

short Tape_F; /1 tape tag of vector fieldf oy _ dLysh(x)

short Tape_G; /| tape tag of vector fielg Q@) :=d'(z) = .- (40)
short n; /1 dimensiom dL’Ji’lh(:c)

double x0[n]; /1 vectorzg

short d; /1" highest degree consisting of gradients of Lie derivatives is calleldserv-
double res[n][d+1]; // Lie brackets ability matrix. If the observability matrix is regular, we can

The computation of these Lie derivatives using algorithmic design a high-gain observer
differentiation is explained in [28, 31, 35]. . . . . .
r=f(z)+g@u+kuc@) (y-h(@) (41)
5. Lie Derivatives in Nonlinear Control _ .
] o ) ) ] ] with the state-dependend observer gain
The Lie derivatives described in the previous sections are

often used in nonlinear control. In this section, we will kpa(®) = Q&) (pn_1,...,p0)"

sketch some application for nonlinear control systems of

the form for calculation of estimates of the not directly measured
. _ statex using the measured variahjesee [9, 14, 30].
@ = fz) +g(x)u, y=h(z) (37) Note that there are many other applications of Lie

with the vector fieldsf,g : M — R™ and the scalar field  derivatives in nonlinear control. For example, Lie brack-
h : M — R defined onM C R™. Here,x denotes the ets ad’}g are used in controllability analysis [25] and in

state,u the input and, the output. the design of extended Luenberger observers [49].
5.1 Exact Input-Output Linearization 6. Example
Lie derivatives can also be computed along different vector 1y sefuliness of the approach is illustrated by the exam-
fields, which results in mixed Lie derivatives such as ple of the control of a gantry crane, as shown in Figure 3.
_ OLygh(x) In this underactuated system one has the massf the
LoLyg(x) = —5"—g(@) . travelling crab, the mass, of the load, the lengthof the

cable, the earth acceleratignand the input force:. The
equations of motion are given by

mrp +mec mrlcosp z
9 L)+
mrlcosp mrl b

System (37) haselative degree in zy € M, if Lyh(x) =
O,...,LgL}*Qh(m) = 0 for all = in a neighbourhood
of xg, and Ly L’ 'h(ag) # 0. Roughly speaking, the
relative degree Is the lowest time derivative of the ouiput <
that depends explicitly on the input

. —mpl?sing\  (u (42)
y") = Lh(z) + LgLs " h(z)u . (38) mrglsing ) \0/)"
The_s_e nonlineg_ritie_s can be comp_ensgted exactly _With aN ntroducing the states; := z, 2 = ¢, 23 := %, and
additional stabilisation of the resulting linear dynamics us- x4 = ¢ one obtains a state space representation of (42)
ing the state-feedback which is of the form
h(x)+ -+ pr_1 L% 'h(z) + LA
. _ _poh(@) oty (@) + Ly (w), (39) X=(x3 21 * ) +(0 0 = #)7u  (43)
LgL% h(zx)
o . f(x) g(x)
wherepy, . .., p,._1 are the coefficients of the desired char-
acteristic polynomial [20, Chapter 4]. with vector fieldsf : R* — R* andg : R* — R*.
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Comparison of computation time
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Figure 4. Comparison of computation time for Lie brack-
ets (10) of system (43) using ADOL-C and symbolic ex-
pressionsio, = me = 1kg,l = 1m).

The iterated Lie derivatives (Lie brackets) of the vector
field g along the vector field with n = 4 andd = 12 are
calculated using ADOL-C 2.1.5 on a 2.5 GHz Phenom PC
under Windows 7. The run time to compute the Lie deriva-
tives for the model (43) of the gantry crane using ADOL-C
is shown in Figure 4 (solid line). For a comparison the sym-
bolic expressions for the calculation of the Lie brackets up
to orderd = 12 have been computed using the computer

algebra system Maxima. These expressions have been ex-

ported as C and Fortran90 code after simplification using
the commandr i gsi np. The generation time and source
code size can be found in Table 1. The evaulation time of
the C-compiled code is given in Figure 4 (dashed line).

Order C-Code Fortran90-Code Generation
1 0.23kB  0.16kB 0.060s
2 0.92kB  0.77kB 0.115s
3 1.76 kB 1.54kB 0.357s
4 3.67kB  3.16kB 0.795s
5 6.23kB  5.46kB 1.526s
6 10.71kB  9.30kB 2.825s
7 16.13kB 14.13kB 4,949s
8 2454kB 21.61kB 8.038s
9 3452kB 30.77kB 12.726s
10 48.69kB 43.44kB 19.458s
11 65.11kB 58.63kB 28.949s
12 86.92kB 79.19kB 42.472s

Table 1. Source code size and corresponding generation
time using Maxima.

As can be seen there is some overhead using ADOL-
C when computing low order Lie brackets compared to
the evaluation of the compiled C-code of the symbolic ex-
pressions. However, in case of ADOL-C computational ef-
fort does only slightly increase with the ordérof the
Lie brackets. Furthermore one circumvents the use of large
amount of C- or Fortran90 code as well as large computa-
tion times for its generation, cf. Table 1.
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7. Conclusions

We presented a package for computation of several kinds
of Lie derivatives utilizing automatic differentiation based
on the software package ADOL-C. The routines allow the
convinient and efficient computation of even high order
Lie derivatives of complex systems. An example illustrates
the usefulness of the approach. Currently, we are working
toward a native integration of the toolbox into ADOL-C.
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